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Abstract. E. Artin described all irreducible representations of the braid group Bk 
to the symmetric group S(fc). We strengthen some of his results and, moreover, 
exhibit a complete picture of homomorphisms Tp: Bk for n <2k. We show 

that the image Imip oi ip is cyclic whenever either {*) n < k 4 or {**) tp is 
irreducible and 6 < fc < n < 2k. For fc > 6 there exist, up to conjugation, exactly 
3 irreducible representations Bk S(2fc) with non-cyclic images but they all are 
imprimitive. We use these results to prove that for n < fc 4 the image of any braid 
homomorphism ip : Bk — > i?n is cyclic, whereas any endomorphism ip of Bk with 
non-cyclic image preserves the pure braid group PBk- We prove also that for fc > 4 
the intersection PBk n of PBk with the commutator subgroup i?^ = [Bk , Bk] is 
a completely characteristic subgroup of B^. 



Some results of this paper were obtained and the draft version j Lin96b] was written 
during my stay at the Max-Planck-Institut fiir Mathematik in Bonn in 1996. I am 
deeply grateful to MPI for hospitality. 
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1. Introduction 

In the middle 1970's I announced some results on braid homomorphisms and rep- 
resentations of braids by permutations Lin72a„ Lin74,. LinTd . The proofs were 
never published for the following two reasons. First, certain proofs were based on a 
straightforward modification of Artin's methods^ |Art47b] . On the other hand, some 
other proofs contained very long combinatorial computations and looked just ugly; I 
always felt that they might be improved. Step by step I found that this in fact can 
be done by a new approach, which involves certain cohomology of braid groups. This 
approach leads also to stronger results. The new proofs are still lengthy but involve 
less combinatorics and seem more suitable for publication. 

My interest to braid homomorphisms and representains of braids by permuta- 
tions was motivated by the fact that these things are closely related to algebraic 
equations with function coefficients, algebraic functions (in particular, to the 13th 
Hilbert problem for such functions), configuration spaces and their holomorphic maps 
etc. Some information about such connections may be found in the papers [ArnTOal, 
lArnTObL lArnTOcj . |GorLin69L IGorLin74j . |Kal75L .Kal76. Kal93j . Kurth97 



LinTlL ILin72bL ILin79L ILin96aL ILin96bL ILin03L ILin04aj . One can also think (and 



I would certainly be on his side!) that no motivation is needed at all, since both braids 
and permutations are in any "short list" of important mathematical notions. 

1.1. Notation and some definitions. For the reader convenience we start with 
some notation and definitions, which are used throughout the paper. ^ 

Definition 1.1. a) General notation. t^F is the cardinality of a set F and ordg 
denotes the order of an element g ^ 1 oi a, group G. We write g ^ h whenever the 
elements g,h E G are conjugate. 

¥m denotes a free group of rank m {m E or m = oo = #N); in particular, 
Fi = Z; we write simply F if a specific value of m does not matter. 

b) Commutator subgroup; perfect groups; residually finite groups. A 

group G is called perfect if it coincides with its commutator subgroup G' = [G, G]. A 
quotient group of a perfect group is perfect; a perfect group does not possess non-trivial 
homomorphisms to any abelian group. 

A group G is called residually finite if homomorphisms to finite groups separate 
elements of G, or, which is the same, the intersection of all finite index subgroups 
if C G is {1}. Any free group is residually finite. The following theorem is due to A. 

I. Malcev [Mal40j : 

Malcev Theorem. Any semidirect product of finitely generated residually finite 
groups is a residually finite group. 

""^Pcrhaps with the exception of with exception of a systematical exploitation of the fact that 
for k > A the commutator subgroup of the braid group is a perfect group |2orLin69 , which 
seemingly was not noticed by Artin and hence may be considered as a rather new element. 

^The main results of the paper are stated in Sec. 1 1.91 below: to understand their formulations it 
suffices to take a look at Definition II . If f "I {abelian, cyclic and integral homomorphisms), Definition 

II. 3f c) {transitive and primitive homomorphisms), Sec. 11.51 (the pure braid group), and Sec. I1.8f c*) 
(the pure commutator subgroup). 
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c) Hopfian groups. A group G is called Hopfian if any epimorphism G ^ G is 
an automorphism. Any finitely generated residually finite group is Hopfian (see, for 
instance, |HNeumj . Sec. 41.44, p. 151). 

d) Braid-like couples. A pair of elements g,h of a. group G is called braid-like 
if gh 7^ hg and ghg = hgh; in this case we write gooh. Clearly, gooh implies g ^ h. 

e) Conjugate homomorphisms. Group homomorphisms (f),tp: G —>■ H are 
conjugate if there is /i G if such that ip{g) = h(j){g)h~^ for all g & G; in this case we 
write (f) ^ tp; "~" is an equivalence relation in Hom(G', H). 

f) Abelian, cyclic and integral homomorphisms. A group homomorphism 
0: G ^ H is said to be abelian, cyclic or mte^ra/ respectively if its image Im0 = 0(G) 
is an abelian, cyclic or torsion free cyclic subgroup of H. We include the trivial 
homomorphism in each of these three classes. O 

Remark 1.2. If the commutator subgroup G' of a group G is finitely generated then 
any homomorphism 0: G — > F to a free group F is integral. Indeed, H = 4>{G) C F is 
a free group of some rank r; the image 4>{G') = H' = (F^)' must be finitely generated, 
which cannot happen unless r < 1. □ 

Definition 1.3 (symmetric groups), a) Invariant sets; fixed points. All permu- 
tations of a set r form the symmetric group S(r), which is regarded as acting on F 
from the left hand side. 

For H C S(F) a subset E C F is H-invariant if 5'(E) = S for all S & H; we denote 
by liw H the family of all non-trivial (i. e., ^ and 7^ F) if-invariant subsets of F; 
InVr H consists of all S G Invif such that t^S = r, 1 < r < #F (if H consists of a 
single S G S(F) we write Inv 5* and Inv^ S instead of Invl^} and InVrlS*} respectively); 
the restriction 5*1^ of 5* to a set S G Inv S* is regarded as an element of S(E). FixS" 
denotes the set {7 G F| S{-y) = 7} of all fixed points of S; the complement supp 5* = 
F \ Fix 5* is called the support of S. For S C F we identify S(S) with the subgroup 
{S G S(F)| supp 5* C E} C S(F). 5*, 5" G S(F) are disjoint if supp S fl supp S' = 0. 

S(n) denotes the symmetric group of degree n, that is, the permutation group 
S(A„) of the n point set A„ = {1,2, ... ,n}. The alternating subgroup A{n) C 
S{n) consists of all even permutations S G S(n) and coincides with the commutator 
subgroup S'(n); for n > 4 the group A{n) is perfect. 

b) Cyclic types, r-components. For A,B E S{n) we write A ^ B whenever 
the cyclic decomposition of B contains all cycles that occur in the cyclic decomposition 
of A. Let A = Gi ■ ■ ■ Gq he the cyclic decomposition of A G S{n) and > 2 be the 
length of the cycle Gi {I < i < q); the unordered g-tuple of the natural numbers 
[ri, . . . ,rg] is called the cyclic type of A and is denoted by [^4] (each rj occurs in [A] 
as many times as many rj-cycles occur in the cyclic decomposition of A). Clearly, 
Old A = L. C. M.(ri, . . .rg) (the least common multiple of ri, r^). 

For A G S(n) and a natural r > 2 we denote by €r{A) the set of all r-cycles that 
occur in the cyclic decomposition of A; we call this set the r- component of A. The set 
Fix A is called the degenerate component of A. 
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c) Transitive and primitive homomorphisms. A group homomorphism 
tp: G ^ is said to be transitive (respectively intransitive, primitive, imprimi- 
tive), if its image ip{G) is a transitive (respectively intransitive, primitive, imprimitive) 
subgroup of the symmetric group S(n). 

d) Disjoint products. Reductions of homomorphisms G S(n). Given 
a disjoint decomposition A„ = U ■ ■ ■ U Dq, i^Dj = nj, we have the corresponding 
embedding S{Di) x ■■■ x S{Dg) ^ S(n). For a family of group homomorphisms 
ipj- G ^ S(-Dj) = S(nj), j = 1, q, we define the disjoint product 

-4; = i/j^x ■■■ xiPg-. G S{Di) X ■ ■ ■ X S{Dg) ^ S{n) 

by V(c/) = Mg) ■ ■■Ma) e S(n), ^ g G. 

Let tp: G S{n) be a group homomorphism, H = Imip and S G InviJ (for 
instance, S may be an iJ-orbit). Define the homomorphisms 

(f)s: H 3 S ^ S\J:eS{J:) and t/^s = 0s o : G ^ S(S) ; 

the composition ■i/'s = (p-^oip is called the reduction ofip toT,; it is transitive if and only 
if E is an (Im?/;) -orbit. Any homomorphism ijj is the disjoint product of its reductions 
to all (Im-?/')-orbits (this is just the decomposition of the representation ip into the 
direct sum of irreducible representations). The following simple observation is used 
throughout the paper: 

Observation. A group homomorphism ip: G ^ S(n) is abehan if and only if all its 
reductions ips to (Imip) -orbits S C A„ = {1, ...,n} are abehan. □ 

1.2. Canonical presentation of the braid group Bj.. Recall that the canonical 
presentation of the Artin braid group Bj. on k strings involves k — 1 "canonical" 
generators ak-i and the defining system of relations 

aiCTj = CTjai (K-j|>2), (1.1) 

o-iCTj+iCTi = o-i+iO^iCTi+i {1 <i < k-2) . (1.2) 

1.3. Torsion. The next theorem was proved first by E. Fadell and L. Neuwirth 
|FadNeu62] by a topological argument based on the existence of a finite dimensional 
Eilenberg-MacLane K{Bk,l) space (for instance, the configuration space C^{C) con- 
sisting of all k point subsets Q C C is such a space); an algebraic proof was suggested 
by Joan L. Dyer |Dye80| . 

Fadell- Neuwirth Theorem. The Artin braid group B^ is torsion free. □ 

It follows from jrH), that Bk/B'j^ = Z. This fact and Fadell- Neuwirth Theorem 
imply: 

Corollary 1.4. Any abelian homomorphism of Bk is cyclic and satishes 0(o"i) = 
0(c"2) = ■ ■ ■ = 0((Tfc_i). Any abehan homomorphism Bk — >■ Bn is integral. □ 
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1.4. Special presentation of Bk- For 1 < z < j < A;, we put 

aij = aiai+i ■ ■ ■ aj-i , Pij = aijai, a = aik = (Ticr2 ■ ■ ■ (Jk-i , = ol(Ti ■ (1.3) 
It is easily seen that 

cTi+i = aaia-^ (1 < « < A; - 2) , (1.4) 

ai = a'-^aia-^'-^^ (1 < « < A; - 1) , (1.5) 

c^ijO'm = o'm^ij ioT m < i — 1 or m > j , 

aijCTm = o-m+ittij for i<m<j -2, (1.6) 

a^ijUm = (Tm+qalj foT 1 < TTl < 111 + q < j - I . 

Relations (jl.4j) . imply that for 1 < q < j — i 

f3f, = (aijai) ■ (ajjCXi) ■ ■ ■ (aijai) = aijai ■ ai+i ■ ■ ■ at+q-iol'^ ; 
^ ^ ■' 

q—l times 

for q = j — i this shows that 

nj — i j—i — l j — i+l 

Moreover, for m = i relations ()1.6|) may be written as 
Therefore 



<'^'=/^r' for i<i<j<k, 

ai+q = a1~^[3ija~'^ for < g < j - i - 1 



:i.7) 



In particular, these relations show that the element al~ = j3l~ commutes with all 
elements ai, aj+i, crj_i. 

For 2 = 1 and j = k relations (|1.7p take the form 

k ^ nk-l 

/ (1-8) 

= for < g < A; - 2 , 

which shows that the elements a, (3 generate the whole group Bk, and the element 
= f3^~^ is central in Bk- The defining system of relations for the generators a, (3 is 
as follows: 

pa'-^p = a'(3a-'^'+^'>(3a' {2<i<[k/2]), (1.9) 
a'' = [3^-^ (1.10) 

(see, for instance, jKlej). The presentation of Bk given by p.9p . ()1.10|) is called special. 
Notice that the elements cJi, a also generate the whole group Bk since (3 = aai. 

Definition 1.5. A pair of elements a,b & Bk is said to be a special system of gener- 
ators if there exists an automorphism ip of Bk such that ip{a) = a and ip{l3) = b. If 
{a, b} is such a pair then the elements 

Si = ^jj{ai) = d-%a-^'-^^ {l<i<k-l) 
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also form a system of generators of Bk that satisfy relations ()1.2|1 : we call such 

a system of generators a standard one. O 

1.5. Pure braid group. The canonical epimorphism fi = fik'. ^ is 
defined by yu(crj) = (z, z + 1) G S(A;) (1 < z < A; — 1). Its kernel Ker fi = PB^ C B^. is 
the normal subgroup generated (as a normal subgroup) by the elements a^, . . . , 
it is called the pure braid group. 

A presentation of the pure braid group PBk was found first by W. Burau |Bur32j 
(see also [Mar45j . B ir74j ) . Below we formulate some well-known properties of PBk 
in the form presented in [Mar45 . 

The group PBk is generated by the elements Sij E Bk {1 < i < j < k) defined by 
the recurrent relations 

Sj_j+i = and = '^j^ij'^J^ \ < i < j < k. 

The elements Sjj are called the canonical generators of PBk- For 1 < r < k denote 
by s-j, 1 < i < i < r , the canonical generators of PB^. The mapping ^k,r of the 
generators 

ik,r{si,j) = 1 if 1 < i < j and r < j < /c , {III) 

^kA^i,j) = s'ij a l<i<j <r, 
defines an epimorphism C,k,r'- PBk — > PBr- Its kernel coincides with the subgroup 
PBI[^ C PBk generated by the elements Sij with j > r. 

Markov Theorem. The normal subgroups PB'(^ < PBk Rt into the normal series 

{1} = P5f ^ C P5f C ■ ■ ■ C PPf ^ C PP^'^ = PBk 
such that PB'i^^/PB^^^^^ = ¥r for I < r < k - I. □ 

Each group PB^^ is finitely generated; Markov Theorem implies the following two 
corollaries. 

Corollary 1.6. A perfect group does not possess non-trivial homomorphisms to the 
pure braid group PBk- 

Proof. It suffices to show that every non-trivial subgroup H C PBk admits a non- 
trivial homomorphism to Z. Clearly H C PB^^ and H ^ PB^!^^^ for a certain r, 1 < 
r < k — I. Projecting H to the quotient group PB^^^/PBi^^'^^ ^ we obtain a non- 
trivial free subgroup H C PB^^'^/PbI'^^\ which admits non-trivial homomorphisms 
to Z; hence H itself has such homomorphisms. □ 

Corollary 1.7. The group Bk is residually finite; any finitely generated subgroup of 
Bk is Hopfian. 

(r) 

Proof. By Markov Theorem, each PB^. is a semidirect product of the finitely 
generated groups PP^^^^^ and F,,. By induction, Malcev Theorem implies that the 
group PBk is residually finite. Any finite index subgroup H C PBk is also a finite index 
subgroup in Bk] hence Bk is residually finite and every finitely generated subgroup of 
Bk is Hopfian. □ 
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1.6. Center. Denote by C-B^ {k > 2) the infinite cyclic subgroup in B^. generated 
by the element = = (criO"2 ■ ■ ■ cTfe^.i)'^. Since = (1, 2) (2, 3) ■ ■ ■ (A; — 1, A;) = 
(1 2,...,fc) , we have /i(Afc) = 1; hence CBk C PBk. Clearly, CB2 = PB2. W.-L. Chow 
)Chow48] proved that for k > 3 the subgroup CBk coincides with the center of the 
braid group Bk (see also |Bohn47j ). 

1.7. Transitive homomorphisms B^ — > S{k). Any transitive abelian homo- 
morphism ip: B^ S{n) is cyclic and conjugate to the homomorphism ipQ defined 
by 

V'o(o-i) = V^o(o-2) = . . . = V'o(o-fe-i) = (1, 2, . . . , n); 
in particular [V'(ci)] = [n] for all i = 1, k — 1. The following classical theorem of E. 
Artin |Art47b] describes all non-cyclic transitive homomorphisms of the group Bk to 
the symmetric group S{k). (See also Remark 3.2.) 

Artin Theorem. Let ip: Bk ^ S(A;) be a non-cyclic transitive homomorphism. 

a) If k A and k 6 then ip is conjugate to the canonical epimorphism ^ = ^k- 

b) If k = 6 and ip ^ then ip is conjugate to the homomorphism z/g defined by 

= (1,2)(3,4)(5,6), ^a) = (1, 2, 3)(4, 5). (1.12) 

c) If k = 4 and ip ^ then ip is conjugate to one of the three homomorphisms 
J^4,i' ^^4,2 and 1/4^3 defined by 

z/4,i(ai) = (1,2,3,4), z/4,i(a) = (1,2); = Ui,i{a^)] 

i^aA^i) = (1,3,2,4), z/4,2(a) = (1,2,3,4); [i^4,2ias) = 1^4,2^')] (1.13) 

z/4,3(ai) = (1,2,3), z/4,3(a) = (1,2)(3,4); [1/4,3(^3) = ^^4,3(^^1)]. 

d) ip is surjective except of the case when k = 4, ip z/4 3 and Im?/' = A(4). Q 

1.8. Commutator subgroup 5^. a) Canonical integral projection. We 

have already noticed that Bk/B^. = Z; the homomorphism i?fc ^ Z defined by 

x((Ti) = . . . = xicTk-i) = 1 G Z 
is called the canonical integral projection of Bk- Clearly Ker x = 5^. 

Remark 1.8. If G is a torsion free group and cp: Bk ^ G is a non-trivial abelian 
homomorphism then Ker0 = B'^,. (Clearly B'f, C Ker0; this inclusion cannot be strict, 
for otherwise Im0 = Bk/KeT(p would be a non-trivial proper quotient group of the 
group Bk/B'f^ = Z, which is impossible since G is torsion free.) □ 

b) Presentation of B'^,. First, B2 = {1}. The following theorem (see |GorLin69] 
for the proof) supplies us with a presentation of the commutator subgroup 5^ C Bk 
for k > 3. This presentation, in turn, implies certain crucial properties of 5^ (see 
statements (c),((i) of the theorem and Corollarv ll.9|) . 

Gorin-Lin Theorem a) B'^ is a free group of rank 2 with the free base^ 

u = a2(Tf \ V = 01020^"^. (1-14) 
"'We write the generators of B'^. in terms of the canonical generators ci, (Jk-i of Bk- 
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b) For k > 3 the group has a finite presentation with the generators 

u = o-20"r\ V = crio-20-r^, 

-1 -1 -1 (1-15) 

W = cr2Cr30"l (^2 y = (ri+2(^i {I < i < k - 3) 

and with the following defining system of relations: ^ 





= w, 








(1 












(1 




= q^w, 








(1 




= {Ci^w)^Ci'^W , 








(1 


UCi 


= CiV 


(2< 


I < k 


-3), 


(1 


VCi 


= CiU~^V 


(2< 


I < k 


-3), 


(1 


CiCj 




(1< 


i < j 


- 1 < A; - 4) , 


(1 




= Ci+iCiCi+i 


(1< 


I < k 


-4). 


(1 



c) The subgroup T C B'^ generated by w = a2(J3ai ^cxa ^ and c\ = a^a^ ^ is a free 
group of rank 2. It coincides with the intersection of the lower central series of the 
group B'^ and B'JT = ¥2. 

d) For k > 4 the group B'f, is perfect. □ 

Since B^/B'j^ = Z, statements (a) and (c) of this theorem imply: 

Corollary 1.9. The groups B^ and B4 admit finite normal series with free quotient 
groups. Thus, these braid groups contain no perfect subgroups. For k < 4 any non- 
trivial subgroup G Bk possesses non-trivial homomorphisms G — > Z. 

Remark 1.10. In 1967 I found certain identities in B^, k > 6, which led to the first 
proof of the fact that for such k the group 5^ is perfect; during a long time, the only 
known proof for smaller k was based on the above presentation ()1.15p - p.23|) of B'j^, 
which was derived in 'GorLin69j. 

In the middle 1980's E. A. Gorin discovered the following beautiful relation, which 
holds for any k > 4: 

where [ciacrf^ (Ti(T2^"'^] = (crscrf^) ^ ■ [(JiO'2^) ■ (^asa^^) ■ {ctiCTq^^) is the commutator 
of gi = asai^ and g2 = aia2^. Clearly gi,g2 G B^ and ()1.24|) shows that a^a^^ G 
[B'i^,Bl]. Hence the normal subgroup N <\ Bk generated (as a normal subgroup) by 
the element a^ai^ is contained in [5^, 5^]. For > 4 it follows readily from ()1.1|) and 
()1.2|) that contains the whole -B^. Indeed, the presentation of Bk/N involves the 
generators cxi, cxfc-i and the defining system of relations consisting of P-lj) . ()1.2|) 
and the additional relation a^a^^ = 1; since k > 4 relations (jl.lj) and cracrf ^ = 1 imply 
(73(74 = (T4(T3; in view of ()1.2p . this shows that (T3 = (74 and finally cxi = (T2 = ... = Ck-i- 
Thus, Bk/N = Z and ND B'^. Thereby B'^^ C N C [5^, B'^] and B'^ is perfect. □ 



^For fc = 4 the generators Ci with i > 2 and relations l|1.2()(l - (|1.23|l do not appear. 
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Remark 1.11. Assume that k > A and denote the canonical generators in 5^-2 and 
Bk by Si and aj respectively. Since cxi commutes with a^, ...,o"fc_i, for any integer m 
the mapping 

Si ^^ \k,misi) = (Ti+2crr"' for I < i < k - 3 
defines a homomorphism 

It is well known that Xk^m is an embedding (geometrically this is evident). 

Furthermore, relations ()1.22|) . ()1.23p for the generators q = ai+2<^i^ in B'^ show 
that the mapping 

^ -^'ki^i) = Ci for 1 < i < k — 3 

defines a homomorphism 

Afc : Bk-2 B'^ . 

The composition of Aj, with the natural embedding ^ B^ coincides with A^^i; 
hence Aj, is an embedding. We shall use this embedding in Sec. 17.21 Q 

c) Canonical homomorphism B'^, S{k); pure commutator subgroup. 

The presentation of i?^ given by Gorin-Lin Theorem is called canonical. The restriction 
/i' of the canonical epimorphism fi to the commutator subgroup -B^ of the group Bf^, 

fi' = fi\B'^: B'j^ S{k), 

is called the canonical homomorphism of 5^ to S(A;). Its image coincides with the 
alternating subgroup A(A;) C S(A;), and its kernel coincides with the normal subgroup 
Jk = PBk n B'l^ of the group Bk. The latter normal subgroup 

Jk = PBk n B', 

is called the pure commutator subgroup of the braid group Bk. It is easily checked 
that 

/x'(n) = (l,3,2), /i'(i;) = (l,2,3), /i'H = (1, 3)(2, 4) , 

= (l,2)(z + 2,i + 3) {l<t<k-l). ^' ^ 

1.9. Main results. Here we formulate main results of the paper. 

Theorem A. If k > A and n < k, then 

a) each homomorphism Bk — >■ S(n) is cychc; 

b) each homomorphism Bk Bn is integral; 

c) the commutator subgroup of the group Bk does not possess non-trivial ho- 
momorphisms to the groups S(n) and Bn- 

E. Artin |Art47b] proved that the pure braid group PBk is a characteristic subgroup 
of the braid group Bk, that is, (j){PBk) = PBk for any automorphism cj) of Bk- Our 
next result shows that for k ^ A the subgroup PBk possesses in fact much stronger 
invariance properties. 

Theorem B. If k ^ 4, then (p{PBk) C PBk, (p-\PBk) = PBk and Ker0 C PBk 
for any non-integral endomorphism : Bk —^Bk- 
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Let z/g denote the restriction of Artin's homomorphism uq: Bq ^ S(6) to the commu- 
tator subgroup B'q of Bq. 

Theorem C. Let k > 4 and let ip: B'j^ ^ S{k) be a non-trivial homomorphism. Then 
either ~ /i'^^ (which may happen for any k) or k = 6 and ip ^ u'g. In particular, 
Imip = A{k) and Kerip = Jk = PBk n B'^. 

Theorem D. Let k > 4. Then the pure commutator subgroup Jk = PBk fl 5^ is a 
completely characteristic subgroup of the group B'f^, that is, (i){Jk) ^ Jk for each endo- 
morphism (p: B^ —>■ B'j^. Moreover, (p~^{Jk) = Jk for every non-trivial endomorphism 
(p of the group B'j^. 

Theorem E. a) For k > 5 every transitive homomorphism Bk S{k + 1) is cyclic, 
b) For k > 4 every transitive homomorphism Bk —>■ S{k + 2) is cyclic. 

Definition 1.12 (model and standard homomorphisms Bk—>- S{2k)). The following 
three homomorphisms yji, (y92, V^3 : Bk S{2k) are called the mode/ ones: 

ipi{ai) = {2i -l,2i + 2, 2i, 2i + 1); 

V ' 

4-cyclc 

y,2(a,) = (1, 2) ■ ■ ■ {2i - 3, 2i - 2) {2i - 1, 2i + l){2i, 2i + 2)x 

^ V ' 

two transpositions 

X (2i + 3,2i + 4) ■ ■ ■ (2A;- 1,2A;); 
ip^(ai) = (1, 2) ■ ■ ■ {2i - 3, 2i - 2) {2i -l,2i + 2, 2i, 2i + 1) x 

^ V ' 

4-cycle 

X (2i + 3,2i + 4) ■ ■ ■ (2fc- l,2fc); 

in each of the above formulae i = 1, — 1. A homomorphism ip: Bk ^ S{2k) is 
said to be standard if it is conjugate to one of the three model homomorphisms (fi, 

^2, V^S- O 

Theorem F. a) For 6 < k < n < 2k every transitive homomorphism Bk —>■ S{n) is 
cyclic. 

b) For k > 6 every non-cyclic transitive homomorphism ip: Bk ~^ S(2A;) is stan- 
dard.^ 

Remark 1.13. As we mentioned in Sec. II .3^ the Artin braid group Bk is the fun- 
damental group of the non-ordered k point configuration space C'^(C) of the complex 
affine line C (in fact C'^(C) = K{Bk, 1)). Theorems A and F provide us with a com- 
plete description of homomorphisms Bk — »• S{n) for n <2k (at least when > 6) and 
thereby with a complete description of all unramified n coverings of the configuration 
space C'^(C) of degree n < 2k. See |Lin03j, [Lin04a. for more details. Q 

Theorem G. Let k > 4 and n < 2k. Then: 

a) any transitive imprimitive homomorphism ip: Bk ^ S(?2) is cyclic; 

b) any transitive homomorphism ip': — ^ S(ri) is primitive. 

^For k > 8 this was proved in |Lin96bj : the cases k — 7 and fc = 8 were treated by S. Orevkov 
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Definition 1.14 (special homomorphisms). Given a special system of generators 
{a,b} in Bm, we denote by T-L„i{aih) the set of all elements of the form g~^a^g or 
g~^Ifg, where g runs over and p runs over Z. A homomorphism (p: Bk ^ Bn 
is said to be special if (j)(T-Ck{a,b)) C 7Y„(a',6') for some choice of special systems of 
generators a,b E Bk and a',b' E Bn- O 

MURASUGI Theorem f |Mur82j ). A braid h belongs to 'Hm{a,b) if and only if h is 
an element of finite order modulo the center CB^ of the group B^- 

This theorem implies that the set Hm = 'Hm{0',b) does not depend on a choice of a 
special system of generators a,b E B^, and a homomorphism (p: B^ ^ Bn is special 
if and only if for any element g E B^ of finite order modulo CB^ its image (j){g) e Bn 
is an element of finite order modulo CBn (in fact, we do not use this result in this 
paper; it is convenient, however, to keep it in mind). 

It was stated in |Lin71j (see also |Lin79j and [Lin03| , lLin04aj . Sec. 9, for the proof) 
that for every holomorphic mapping f : — G„ the induced homomorphism of the 
fundamental groups 

f^: Bk = 7ri(Gfc) vri(G„) = Bn 
is special. This is a reason to study such homomorphisms. 

Definition- Notation 1.15. Let P{k) be the union of the four increasing infinite 
arithmetic progressions 

P\k) = {pp)=p\{k) + (j - l)d{k)\ jeN} , 1 < ^ < 4, 

with the same difference d{k) = k{k — 1) with the initial terms 

pl{k) = k, pl{k) = k{k-l), pl{k) = k{k - 1) + 1, and pt{k) = {k-iy 
respectively. 

Theorem H . a) Let k ^ 4 and n ^ P{k)- Then every special homomorphism 
Bk Bn is integral. 

b) For any k > 3 and any n G P^{k) U P'^{k) there exists a non-abelian special 
homomorphism B^ ^ Bn. 

Theorem H(a) has the following immediate 

Corollary 1.16. If k A and there is a non-cyclic special homomorphism B^ Bn 
then k{k — 1) divides n{n — 1). O 

1.10. Strategy and location of proofs. Here I try to describe, step by step, 
a strategy of the proofs of main results and give an information about the proofs' 
geography. If the reader is not interested in these rather long preliminary notes, he 
may pass to the next section or even to Sec. El 

For any couple {k,n) the set Hom(_Bfc, S(n)) is finite (certainly # IIom(i?fc, S(n)) < 
h{n) = {n\ — l)n\) and all homomorphisms B^ — > S(n) may be found by a straight- 
forward combinatorial computation. However for large n this way is unrealistic (say 
h{10) ^ L3 ■ 10^5) 
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Any homomorphism ip: Bk ^ S(n) is a disjoint product of transitive homomorphisms 
ipj-. Bk S(nj), 'Yli^j = n. If is non-cyclic, at least one of the homomorphisms 
xpj must be non-cychc. Taking into account this fact, we try to describe all possible 
cyclic types of the permutation ai = ip{(Ti) G S(n) for a transitive (or non-cyclic and 
transitive) homomorphism ip: B^ ^ S(n). (Notice that all = ip{(Ti) are conjugate 
to each other and hence they are of the same cyclic type.) 

Fixed points and primes. Transitive homomorphisms Bk — > S(n) for n = k 
and n = k + 1. The following very remarkable result is due to Artin: 

Artin Fixed Point Lemma. If k > A and there is a prime p > 2 such that 
n/2 < p < k — 2, then for any non-cychc transitive homomorphism ip: B^ ^ S(n) the 
permutation ai has at least k — 2 fixed points. 

Artin treated only the case n = k; however his proof does not in fact depend on the 
latter assumption (see Lemma \2.27\ below) . 

A famous theorem of P. L. Chebyshev ensures the existence of a required prime 
p whenever eather k > A and n<k or 6^k>4 and n < k. If 6 7^ = n > 4, 
Artin Fixed Point Lemma shows that aU permutations must be transpositions, and 
the whole rest of the proof of Artin Theorem (a) takes a few words. Moreover, for 
any k > 6 there is a prime p such that {k + l)/2 < p < k — 2. Hence the inequality 
^ Fix ai > k — 2 holds true for any k > 6 and any non-cyclic transitive homomorphism 
ijj: Bk ^ S{k + 1), which yields Theorem E(a) whenever A; > 6 (in Theorem I7.4f a) 
the case = 6 is treated as well). 

Homomorphisms ip: B^ ^ S(n), n < k. An improvement of Artin Theo- 
rem. We represent ■?/' as a disjoint product of transitive homomorphisms ipj. If some %pj 
is non-cyclic, then, by Artin Fixed Point Lemma, all ipj{cri) are transpositions; hence 
ipj cannot be transitive and a contradiction ensues. This proves Theorem A (a) (see 
Theorem I3.1f a)). Combining the latter theorem with Artin Theorem we show that for 
k ^ 4 any non-surjective homomorphism B^ — ^ S(fc) is cychc (see Lemma (3. Sj) . This 
implies (see Theorem 13. 9p that for k ^ 4, 6 any non-cychc homomorphism Bj. S(/c) 
is conjugate to the canonical epimorphism p^, which is a useful improvement of Artin 
Theorem. 

Homomorphisms ip: B'^^ ^ S(n). Take the restriction of a homomorphism ip to 
the subgroup B = -8^-2 of -B^ generated by the elements q = c'"j+2crf ^, 1 < i < k — ?> 
(compare to Remark Using Theorem A(a) and Lemma 13.81 mentioned above, 

we show that for k > 4 and n < k the homomorphism (p must be cyclic. On the 
other hand, in Lemma 17.51 we deduce from relations (jl.l6p - (jl.23|) that the original 
homomorphism ip is trivial whenever is cyclic. This proves the statement of Theorem 
A(c) concerning homomorphisms B'f, S(?2), which is an essential strengthening of 
Theorem A(a); moreover, this leads to a proof of Theorem G. Part (6) of the latter 
theorem asserting that transitive homomorphisms —* S{n) are primitive occurs 
very helpful, since it allows us to apply Jordan Theorem on primitive permutation 
groups. (See Theorem 17. 7[ Lemma 17^ and Proposition 17.101 ) 
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Small supports. Let tp: —>■ S(n) be a homomorphism. Artin proved that a cycle 
of length > n/2 cannot occur in the cyclic decomposition of ai = ipici) whenever 
k > 4 and ip is non-cyclic and transitive (see Lemma [2.24{ a) for the proof). On the 
other hand, in a quite elementary Lemma 12.261 we show that if no different cycles of 
the same length > 2 occur in the cyclic decomposition of ai, then the permutations 
ai = ip{ai) and aj = ip{crj) with |i — j| > 2 must be disjoint, which implies that 
# supp ?! < n/ E{k/2) {E{x) denotes the integral part of x). That is, in such a case the 
support of ai is relatively small; say for A; > 6 and n < 2fc we have # supp ai < 4. The 
study of such homomorphisms is by no means complicated. In fact for 6 < k < n < 2k 
Lemma lY.lll exhibits an explicit description of all non-cyclic transitive homomorphisms 
ip: Bk ^ S{n) with ^ supp cti < 5. In particular, we prove that for k, n as above such 
a homomorphism does exist only if n = 2k and ai is a 4-cycle. 

Question: What to do if n is near 2k ? The above methods do not go too far from 
the original Artin's ideas (the main innovation is that Gorin-Lin Theorem applies 
systematically). With some exceptions, Artin Fixed Point Lemma still works when n 
slightly exceeds k + 1. For instance, if n = k + 2 and 8, 12^k>7oTn = k + 3 
and 11, 12 7^ /c > 9, then it follows from the Finsler inequality 7r(2m) — 7r(m) > 
m/(3 log(2m)) (see |Fin 45|, iTrostj ) that there is a prime p on the interval {n/2, k — 2]. 
However, if n is near 2k, these methods hardly work, since there is no hope to find 
a prime on a rather short interval {n/2,k — 2]. For such n, even if we were lucky to 
get the inequality #Fix di > k — 2, the support of di may still contain about k + 2 
points, and we cannot come to any immediate conclusion. Ultimate answer: Look 
for new ideas. 

Homomorphism Vt; cohomology. For the reasons explained above, we should 
mainly handle the case when ip: Bk —>■ S{n) is a non-cyclic transitive homomorphism 
and the cyclic decomposition of ai = ipiffi) contains several different cycles of a certain 
length r > 2. A simple idea described below occurs crucial (see Sections El EI)- 

Suppose that for some r > 2 the r-component of o^i consists of t > 2 r-cycles 
Ci,...,Ct. Since a3,...,ak-i commute with ai, the conjugation of ai by any of the 
elements d'i {3 < i < k — 1) induces a certain permutation of the r-cycles Ci, ...,Ct. 
This gives rise to a homomorphism 

Bk.2^S{(tr) = S{t), 

where Bk-2 is the subgroup of Bk generated by cxs, ak-i- 
Furthermore, the support 

t 

S = supp = [J supp Ci C An (#S = rt) 

i=l 

of the r-component €.r is invariant with respect to each a^, 3 < i < k — 1. Let 
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be the restriction of the original homomorphism ip to the subgroup Bk-2 C gener- 
ated by a-s, ...,ak-i. the subset S C A„ is (Im0)-invariant. Consider the reduction^ 

cp^ : Bk-2 ^ S(S) ^ S(rt) C S(n) 

of to S. It is easily seen that the homomorphism Q and the homomorphism ip^ 
(which still keeps a certain information about the original homomorphism ijj) fit in a 
commutative diagram of the form 

Bk-2 



H ^ G SfC) 1 . 



:i.26) 



Here H = (TLjrTL)*' is the subgroup of S(S) generated by the r-cycles Ci, ...,Ct, G is 
the centralizer of the element C = Gi ■ ■ ■ Gt in S(S), and the horizontal line in (|1.26p 
is an exact sequence with a certain splitting p: S{€r) = S{t) — > G. The latter exact 
sequence is, in a sense, universal, meaning that it is "the same" sequence for all 
homomorphisms Bk ^ ^{^) that possess an r-component €. of length = t. 

The complementary set S' = A„ \ S is (Im0)-invariant as well, and we can take the 
reduction ip^, of (p to S'. The fact that the commutator subgroup -B^_2 for A; > 6 is 
perfect implies the following properties of the homomorphism Q (see Lemma 15.51 and 
Theorem \b.ni a) ) : 

Let k > 6. Suppose that either (i) ip is non-cychc but (p^, is abehan or {ii) p>^ is 
non-cyclic. Then Q must be non-cychc. 

Since k — 2 < k and t < n/r < n/2 <^ n, we may hope to handle homomorphisms 
Bk-2 — S(t) (say by an appropriate induction hypothesis) and thereby recognize the 
properties of fl. Assuming that fl is already known (at least to some extent), we can 
try to recover the homomorphism ip^ as far as possible from the above commutative 
diagram. This is certainly a homological problem. Indeed, the homomorphism Q 
and the splitting p give rise to an action T of Bk-2 on the abelian normal subgroup 
H <\ G. We show fProposition lS.!!]) that there is a natural bijection between the coho- 
mology group H^{Bk-2, H) and the set of the classes of H -conjugate homomorphisms 
ip: Bk-2 G that satisfy the commutativity relation it o (p = Q. The action T and 
the corresponding cohomology H^{Bk-2, H) can be computed explicitly in many cases 
that we are interested in (see Sections El and IHl) • As a result, we obtain a description 
of all possible homomorphisms ip^ (up to conjugation). This description puts certain 
strict restrains in the original homomorphism il). 

Furthermore, ak-i is conjugate to ai and hence the r-component of ak-i is also of 
length = t. The conjugation by the element a'^"^ = ip{ai ■ ■ ■ ak-iY^"^ induces a 

bijection — ^ and an isomorphism S(Cr) S((£*). All permutations cti, dk-z 
commute with ak-i] a construction completely similar to the previous one gives rise 
to a homomorphism 

^]*:i?^2^s(a = s(^), 



^See Definition O^d). 
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where Bl_2 = -Bfc_2 is the subgroup of generated by ai, crfc_3. The following 
simple observation occurs very helpful: under the identification -6^-2 — Bl_2 given 
by (jj+2 i-^cTj, l<'i<A; — 3, the homoniorphisni Q* coincides with the above 
honioniorphisni Q fLemma I5.3|) . Thus, if a certain assumtion about a homomorphism 
ip: Bk ^ S{n) leads to the conclusion that Q{a) ^ Q*{a) for some a G Bk-2, then 
this assumption is wrong. 

Down with long components! Fixed points whithout primes. Using the 
cohomology approach (and also Lemma l^^ mentioned above), we prove that for a non- 
cyclic homomorphism ip: Bk ^ the permutation ai cannot have an r -component 
of length t > k — 3 whenever 6 < k < n < 2k (see Lemma 17.131 which is one of the 
crucial technical results). On the other hand, with help of Theorem A(a), we prove in 
Lemma f7. 121 the following statement: if k > 6 and all the components ofai {including 
the degenerate component Fix ai) are of length at most k — 3, then the homomorphism 
ip must be cyclic. Combining these two results, we prove the following analog of Artin 
Fixed Point Lemma (see Corollarv l7.14p : 

If 6 < k < n < 2k, then 7^ Fixai > k — 2 for any non-cyclic homomorphism i/j. 

This leads to Theorem E(6) (at least for k > 6; the cases k = 5, 6 may be handeled as 
well; see Propositions 17.171 17. 191 and Theorem 17. 20r a)). 

Homomorphisms B^ —>■ S{n), k < n < 2k. Theorem F(a) is proven by induction 
on k. To get a base of induction, we study first the cases k = 7, 8 (see Lemmas 
17.221 and I7.25|) . Then, assuming that 6 < k < n < 2k and ip: Bk ^ S(n) is a 
non-cyclic transitive homomorphism, we take the restriction 0: Bk-2 S(n) of if) 
to the subgroup Bk-2 C Bk generated by as, ...,ak-i and the reductions ip\ Bk-2 
S(S) and y?': Bk-2 S(S') of to the mutually complementary '?/'(i?fc_2) -invariant 
sets S = supp ?! and S' = A„ \ E respectively. So is the disjoint product of tp 
and if' . In Lemma 17.211 which is the main technical tool of the induction, we show 
that if is trivial, if' is non-cyclic and = if' . The proof of this lemma involves the 
homomorphisms ilg;, Vt*^ (corresponding to every non-degenerate component C oidi) 
and Theorem l6. 17f mentioned above. Finally, assuming, by the inductive hypothesis, 
the existence of a natural m such that any transitive homomorphism ip: Bk S(n) 
is cyclic whenever k, n satisfy 6 < k < m and k < n < 2k, we prove that the same 
conclusion must be true whenever Q < k < m + 2 and k < n < 2k. The justification 
of this inductive step involves Lemma 17.211 Corollary 17.141 Artin Theorem, Theorem 
G, and Jordan Theorem on primitive permutation groups. (See Theorem 17.261 ) 

The treatment of the case n = 2k is more sophisticated, since the permutation ai = 
ip{(Ji) corresponding to a non-cyclic transitive homomorphism ip: Bk S{2k) may 
possess a 2-component of length t > k — 3. However, with help of an appropriate 
cohomology and Theorem F(a), we show that in the latter case either t = k and ip 
is conjugate to the model homomorphism ip2 01 t = k — 2 and ip is conjugate to ip^ 
(see Lemma f7.28|) . Combining this property with Theorem A(a), Artin Theorem, and 
Theorem F(a), we prove Theorem F(6) (see Theorem 17. 3Up . 
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Homomorphisms (p: Bk ^ Bn- Assume that k > A and consider the composition 
ip = H o (p: Bk ^ S{n) of (f) with the canonical epimorphism fi: Bn ^ S{n). If ip is 
cychc, then ip{B'fP) C Ker/z = PB^. Since 5^ is perfect, Markov Theorem imphes that 
ip{B'j,) = {1} and (p is integral. Combining this simple observation with Theorem A(a), 
we obtain Theorem A{b). In a similar way we complete the proof of Theorem A(c) (we 
already have commented on the absence of non-trivial homomorphisms 5^ — S (n) for 
k > 4 and n <k). 

To prove Theorem B, we use Lemma f3.8l cited above and show that ii k ^ A then for 
any non-integral endomorphism cp of B^ the composition ip = fi o (p is surjective and, 
therefore, non-cyclic and transitive. By Artin Theorem, Keiip = PB^, which implies 
(p~^{PBk) = PBk'i the rest assertions of the theorem follow readily from this fact. 

Homomorphisms ipi: B'^ ^ S{k). Endomorphisms of B'f^. Let 6 7^ A; > 4. 

Restricting a non-trivial homomorphism ip to the subgroup -Bfc_2 C B'^ generated by 
the elements c, = ai-f-20'i^, 1 < i < k — 3, we obtain a homomorphism 0: Bk-2 S{k). 
Then we apply Lemma 1731 mentioned above together with Theorem A(a) and Theorem 
E to show that tp is tame, meaning that the permutation group (p{Bk-2) C S{k) has 
an orbit Q C of length k — 2 (see Definition 18.11 and Lemma 18. 3p . By Artin 
Theorem, the reduction (pq of (p to Q is conjugate to the canonical epimorphism 
- Bk-2 S((5) = S(A; — 2). Hence, without loss of generality, we may assume 
that Cj = '?/'(ci) = (1, 2){i + 2,i + 3) for all i = 1, k — 3. Using this property and 
the defining relations ()1.16|) - ()1.23|) . we show (by a straightforward computation) that 
Ip ^ ^'1^; this proves Theorem C (see Theorem 18. 6[ where the case A; = 6 is treated 
as well). In view of Markov and Gorin-Lin theorems. Theorem D follows immediately 
from Theorem C (see Theorem 18. 9^ . 

Special homomorphisms cp: Bk ^ Bn • The proof of Theorem H is mainly based 
upon Lemma f2.2H which provides us with some arithmetical properties of non-cyclic 
homomorphisms of braid groups (see Theorem 19. 
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2. Auxiliary results 

To facilitate the exposition of the main proofs, I collected here a number of various 
elementary statements. Some of them apply just occasionally but some other are 
involved throughout the paper. I suggest to take a look at the corresponding parts of 
this section when (and only if) the reader feels such a need. 

2.1. Three algebraic lemmas. Recall that a word in the variables ai, and 
tti^, is said to be reduced if it does not contain a part of the form ajO"^ or a~^aj 
(1 < z < s). 

Lemma 2.1. Let f{x,x~^,y,y^^) be a nonempty reduced word in variables x,y and 
x~^,y~^. If the elements u and v of a group G satisfy f{u,u~^,v,v~^) = 1, then for 
any homomorphism 0: G — >■ F to a free group the elements u = and v = (j){v) 
commute. 

Proof, u and v generate a free subgroup C F of rank r < 2. Were r = 2, 
{u,v} would be a free base of H, which is impossible since f{u, u~^, v, v^^) = 1. 
Hence r < 1 and H is commutative. □ 

Lemma 2.2. Let ^ : H G be a group homomorphism and K (1 H be a subgroup 
with two generators u, v. Let a E H, x,y E K' = [K, K] and a matrix M = 
{p, q,s,t E Z) be such that det = 1 and det(M^ — /) 7^ 0, whereas 

aua~^ = vl'v'^x and ava^^ = u'^v'^y . (2.1) 
If the restriction ip = '^\K : K ^ G is integral then it is trivial. 

Proof. Put u = ipiu), v = ip{v), a = "^{cr); it suffices to show that u = v = 1. 
Since ip is integral, the subgroup K = ip{K) C G generated by u and v either is 
trivial and there is nothing to prove or = Z. In the latter case we still have 
ip{x) = ipiy) = 1, for x,y E K', and relations ()2.1|) show that 

aua~^ = vFv^ and dvd~^ = u^'v^ . (2.2) 

Clearly det M = ±1; hence ()2.2|) imply that the conjugation by the element a E G 
determines an automorphism S of the subgroup K = Tj. Any automorphism of Z 
is involutive; that is, S*^ = id. Combining this fact with relations ()2.2|) and passing 
to the additive notation (which is natural for m, G K = Z), we see that the vector 

G Z^ satisfies the system of linear equations 

(!).5^(!).M=(5). 

Since det(M^ — /) 7^ 0, this implies u = v = {] and concludes the proof. □ 

Example 2.3. Let H = G = {a,a\ aaa~^ = a^). The elements u = a? and v = a? 
generate the subgroup K = Z. The natural embedding ip: K "—^ H = G is a. non- 
trivial integral homomorphism that extends to H. Clearly aua^^ = u"^, ava~^ = f^; 
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for the corresponding matrix M = ^ ^ we have det = 16 and det(M^ — /) = 9, 



which shows that the condition det = 1 in Lemma 12.21 is essential and cannot be 
replaced with det M 7^ 0. O 

Notation 2.4. The greatest common divisor of m, n G Z is denoted by G. C. D.(m, n) 
or simply (m, n). For natural N,r we denote by \N\r the residue of modulo r 
(0< lA^I^ <r-l). 

We use also the notation aoob for a braid-like couple a, b (see Definition II . 11 (d)) . Q 

Lemma 2.5. Let q > 2 be a natural number and let u = G.C D.(g + 1,4). Assume 
that a braid-like couple a, b in a group G satisfy also the condition booa'^. Then 

Proof. The conditions booa and booa'^ imply that 

a'^'^b = b^'a'^-^ (2.3) 



6a'?-i = a'^-^b'^, (2.4) 

and also 

a62('?-i)a-i = b-ht^^'^-'^b = b-'a'^-'a'^-'b 

= b-^a'i-^Wa''-^ = b-^ba^'-^a'^-^ = a^^''^^^ . 

Hence ^^(g-i) = a^ii~^) and a commutes with fc^^^"^). It follows from and (jT^ 

that b'^^^a'^^^ = ba'^^^b = a'^^^b'^^^, i. e., a'^"^ commutes with b'^~^^; therefore, the 
element c = a''^^ commutes with b'^^^ and b'^^'^~^\ This implies that c commutes also 
with b'^, where d = G.C D.(g + 1, 2{q — 1)) (since d = {q + l)m + 2(g — l)n for suitable 
m, n). But G. C. D.(g + 1, 2(g - 1)) = G. C. D.(g + 1,4) = z/, and thus 

a'^~^ commuts with b'^ . (2-5) 

Since u divides g + 1, we have q = ru + {u — 1) for some non-negative r G Z. Taking 
into account (j2.5p and using one time (j2.4j) and u — 1 times (j2.3p . we obtain 

6a^-i = a«-^6« = a'^-^b'^'^b"-^ = b'^'^a'^-^b"-^ = b'^'^b'^^-^'^'^a"-^ = fe'^+^'^-i^^a"-^ . 

Hence fe'^^^"^) = b^'^+i'^-^h-^ = 1. The latter relation and aoob imply a""^"'^^ = 1. □ 

Example 2.6. Let G = S(8), a = (1,2,3,4,5,6,7,8), b = (1,7,6,8,5,3,2,4) and 
q = 3. Then 600a, booa^, u = G.C. D.(g + 1, 4) = 4 and 

z/(g — 1) = 8 = ord a = ord b . 

This shows that the result of Lemma is sharp. O 
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2.2. Some properties of permutations. Here we prove some simple lemmas 
about permutations. 

Lemma 2.7 (cf. [Art47b ). Suppose that A, B e S(n) and AB = BA. Then: 

a) the set supp A is B-invariant; 

b) if for some r, 2 < r < n, the r-component of A consists of a single r-cycle C, 
then the set supp C is B-invariant and B \ supp = 0^^ for some integer q, < q < r. 

Proof, a) Let i e supp A; then A{i) ^ i and AB{i) = BA{i) ^ B{i); hence 
B{i) G supp A. 

b) Let A = CDi ■ ■ ■ Dthe the cyclic decomposition of A. Then 

CDi ■■■Dt = A = B-^AB = B~^CDi ■ ■ ■ DtB = B~^CB ■ B'^DiB ■ ■ ■ B-^DtB . 

Since C is the only r-cycle in the cyclic decomposition of A, we have C = B^^CB, 
and (a) implies that the set suppC is _B-invariant. Let C = (io, "^i, V-i)- Then 
B{io) = iq for some g, < g < r — 1. Let us prove that i?|suppC = C^. Since 
C'^iig) = i\s+q\ , we should show that B{is) = i\s+q\^ for all s = 0, 1, r — 1. The proof 
is by induction on s with the case s = clear (0 < g < r — 1 and \q\^ = q). Assume 
that for some fc, 1 < A; < r — 1, we have B{is) = for all s = 0, k — 1. Then 

B{ik) = BA{ik-i) = AB{ik^i) = A{i\k-i+qi) = iuk-i+qi +i| = ^|fc+9|,, , 

I ^ I r 

which completes the proof. □ 

Lemma 2.8. Assume that A G S(n) and for some rGN (l<r<n) the family 
liYVr A consists of a single set S . The following statements hold: 

a) IfC e S{n) and D = CAC-\ then Inv, D = 

b) IfBe S{n) and AB = BA, then B{E) = S. 

c) IfBe sin), AB = BA and B ^ A, then Inv^ B = {S}. 

Proof, a) Since = = we have G Inv^D. If S' G 

InVrD, then AC-i(S') = C-^D{J:') = ^-^(S'), so that C-i(S') G Inv^A; hence 

b) A = BAB-^ and (a) imply S(S) G Inv,, A = {E} so that 5(S) = S. 

c) B = CAC~^ for a certain C G S(n). By (a) and (6), we have Inv,. B = {C(S)}, 
S G Inv^ B = and hence = S. □ 

Lemma 2.9. #(supp Aflsupp B) =2 for any braid-like couple of3-cycles A,Be S(n). 

Proof. Since AB ^ BA, we have supp A fl suppi? ^ 0. Moreover, supp A ^ 
supp-B (every 3-cycles with the same support commute to each other). Finally, if 
#(supp A n supp -B) = 1, a simple computation shows that ABA ^ BAB. □ 

The next lemma is evident. 

Lemma 2.10. If AC = CA, [A] = [C] = [3], and supp An supp C 0, then 
supp A = supp C and C = A'^, where either q = 1 or q = 2. 

Lemma 2.11. Assume that [A] = [B] = [C] = [3], ABA = BAB, BCB = CBC and 
AC = CA. Then A = C. 
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Proof. If BA = AB or BC = CB, the assumed relations imply A = B = C. 
Thus, we may suppose that BooA and BooC. Then Lemma (2.91 implies #(supp B n 
supp A) = #(supp B n supp C) = 2. Hence the commuting 3-cycles A and C are not 
disjoint and, by Lemma [2.10[ we have C = A'^ with g = 1 or g = 2. If g = 2, then 
G.C.D.(g + l,4) = 1, q-l = l, BooA, BooA'' and Lemma ITHl implies A = B = l. 
which contradicts our assumptions. Thus, g = 1 and C = A. □ 

Lemma 2.12. Let p be a prime number and let A G S(2p) be a product of two disjoint 
p-cycles B = {Bq, &i, . . . , &p-i) and C = (cq, ci, . . . , Cp_i). If D E S(2p) commutes with 
A, then the following three cases may only occur: 

(i) D = B"^C^ for certain m, n with < m,n < p; 

{ii) D is a product of p disjoint transpositions Di = C|j+r|p), < i < p — 1, 

where r does not depend on i and < r < p; 
{Hi) D is a 2p-cycle of the form 

{bo, Cr, b\r+s\p, C\r+(r+s)\p, b\2{r+s)\p, C\r+2{r+s)\p, ■ ■ ■ , &| (p-l)(r+s)|p 5 C|r+(p-l)(r+s)|p) 

and A = D'^'^, where < r, s < p, |r + s|p 7^ 0, and q is defined by the 
conditions 1 < q < p, \q{r + s)\p = 1. 

Proof. Since D commutes with A = BC, we have DBD^^ ■ DCD^^ = BC. 
Clearly DBD~^ and DCD~^ are disjoint p-cycles. So either DBD^^ = B and 
DCD-^ = C 01 DBD-^ = C and DCD'^ = B. 

In the first case Lemma f2.7r 6) implies that D = B'^C^, where < m,n < p. 

In the second case there are uniquely determined integers r,s such that D{bo) = c^, 
D{co) = bs and < r, s < p. Consequently, D{bi) = C|j+r|^ and D{cj) = b\j+s\^ for all 
hJ, 0<i,j <p. 

If |r + s|p = 0, then D'^{bi) = D{c\i+r\^) = b\i+r+s\^ = h and D must coincide with 
the product or p disjoint transpositions Di = {bi,c\i+r\p)- 

Finally, if |r + sj^ 7^ 0, then \t{r + s)!^ 7^ for any t with 1 < t < p (since p is 
prime), and therefore D must coincide with the 2p-cycle exhibited in the formulation 
of the lemma. The rest assertions related to this case are evident. □ 

The next lemma will be used in Sec. |H] 

Lemma 2.13. a) Assume that A,B E are 3-cycles. Then at least one of the 
permutations AB, A^^B is not a 3-cycle. 

b) Assume that A,Be S(5) are 5-cycles. Then at least one of the permutations 
AB, A-^B, A-^B, B^AB is not a 5-cycle. 

Proof, (a) is trivial. To check (6), suppose that A = {a,b,c,d,e) and B,AB G 
S(5) are 5-cycles. Then B must be one of the following eight 5-cycles: 

A, A^, A^, {a,b, d, e, c), {a,b, e, c, d), {a, c, d,b, e), {a, d, e,b, c), {a, d,b, c, e). 

The condition [iJ^Ai?] = [5] eliminates all the cycles from this list but A and A"^. 
Finally, hi B = A we have A'^B = 1; and if B = A^, then A-'^B = 1. □ 

In the following three lemmas A,B E S{n); we omit proofs which are straightforward. 
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Lemma 2.14. Let A ^ B, AB = BA, [A] = [B] = [2,2] and suppA n sup 5 7^ 0. 
Then either {i) supp A = supp B but the cychc decompositions of A and B contain 
no common transpositions or (ii) supp A and suppi? have exactly two common points 
whose transposition occurs in the cychc decompositions of both A and B. □ 

Lemma 2.15. Let [A\ = [B] = [2,2] and AooB. Then either [i) supp A and supp 5 
have exactly three common points and the transposition of certain two of them oc- 
curs in the cyclic decompositions of both A and B or [ii) supp A and supp B have 
exactly two common points and their transposition occurs in neither of the cyclic 
decompositions of A and B. □ 

Lemma 2.16. Let [A] = [B] = [4] and AooB. Then either (i) supp A = suppS and 
B may be obtained from A by a transposition of two neighboring symbols in A or (ii) 
supp A and supp B have exactly two common symbols which are neighboring neither 
in A nor in B. □ 

2.3. Elementary properties of braid homomorphisms. Lemmas 12.17112.1^ 

concerning a group homomorphism ip: Bk ^ H {k > 3) are contained in [Art47bJ 
(the latter one in a slightly weaker form); for the completeness of the exposition we 
give the proofs. 

Lemma 2.17. Assume that for some i, 1 < i < k — 2, the elements ip{(Ji) and tp{ai^i) 
commute. Then the homomorphism ip is cyclic. 

Proof. Relation (|1.2|) implies ipiai) = ilj{ai+i). In view of (jl.ip . it follows that 
ip{ai-i) commutes with ip{<7i), and ip^ai+i) commutes with ip{ai-^2)- Hence, we have 
ip{ai-i) = ip{(Ji) = ip{ai+i) = ip{ai+2)- Proceeding with this process, we obtain that 
all elements ip{(Ji), 1 < i < k — 1, coincide. □ 

Lemma 2.18. Ifiplai) = ipi'^j) ^or some i < j and either k ^ 4 or k = 4 but j — i ^ 2, 
then ip is cyclic. 

Proof. If A; = 3 or j = i + 1, then ifj is cyclic by Lemma f2. 171 So we may assume 
that k > 3 and j > i + 2. If j > i + 2, then (jl.lj) and the assumption ip{ai) = ip{(Jj) 
show that ip{(Ji) commutes with ip^ai^i), and is cychc fLemma I2.17|) . Finally, if 
k > 4 and ip{(Ji) = ■ip{ai+2), then either z > 1 or z = 1 and i + 2 = 3<fc — l;in 
the first case ■?/'((Tj_i) commutes with ipi'^i)] the second case ipicrs) commutes with 
ipi'^A:)', by Lemma f2. 171 ip is cyclic. □ 

Lemma 2.19. Assume that for some i,j (1 < « < j — 1 < — 1) there exists a natural 
r ^ (mod j — i + 1) such that ipia^j) commutes with ip{ai). Then ip{ai) = ipids); if 
in addition k ^ 4, then ip is cyclic. 

Proof. Let q = |rL_j_|_i (see Notation 12. 4p . It was already noticed that relations 



()1.7|) imply that ajj '"'"^ commutes with ai,ai+i, ...,aj-i; therefore, it follows from our 
assumption that 

^(4)z^(cr.) = ^(a.)V^(4) . (2.6) 

If q = j — i, then q = —1 (mod j — i + 1) and ()2.6|) shows that ipic^ij^) commutes 
with ip{ai). But then ip{aij) also commutes with ^ipi^ai) and (|1.6|) implies ip{<Ji) = 
ip{cri+i); by Lemma I2IIHI is cyclic. 
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Assume now that q < j — i — 1, i. e., i < i + q < j — 1; then the third of relations 
(with m = i) implies that a^ cxi = ai+qoly Combining this with I2.fi| we obtain 
ip{(Ti) = ip{cTi-^q). If g 7^ 2 or A; 7^ 4, the homomorphism ip is cyclic (Lemma I2.18|l : if 
q = 2 and k = A, then i = 1 and ipici) = ipics). □ 

Lemma 12.171 Lemma 12.191 and relations (jl.2j) imply the following corollary: 

Corollary 2.20. Let ip: B^. —>■ H be a non-cyclic homomorphism. Then 

ip{ai)ooilj{ai+i) for 1 < i < k — 2 and ipicaj) 7^ 1 for I < i < j < k . 

Moreover, if the group H is finite then oid iplaij) = (mod j — i + 1) whenever 
either l<i<j-l<k-1^3 or I <i <2, j = i + 2 and k = A. 

Lemma 2.21. Let ip: ^ H be a non-cyclic group homomorphism and m be a 
natural number. 

a) lf%p{a^) and ip{(3) commute, then either k divides m or k = 4, G. C. D.(m, 4) = 2 
and ip{ai) = ipicr^,). 

b) If ip{a) and commute, then k — 1 divides m. 

Proof. Set a = ■?/'(«), (3 = ipiP). Since a'' = i3^~^, the element a'' = (3^~'^ 
commutes with both a and [3. Notice that k > 2 and a does not commute with (3 (for 
if) is non-cyclic). 

a) Assume that k does not divide m; then u = G. C. D.(m, fc) < k. Since both 
S™' and commute with (3, the element a'^ also commutes with (3 and hence v >2. 
Moreover, u < k — 2, since k > 2. Relations ()1.3|) . ()1.8|) show now that 

^((T^+i) = tlj{a''-^(3a-'') = a^'^pa-"" = a-^p = ipia-^ (3) = V(ai), 
and Lemma f2. 181 implies that k = 4, v = 2 and = "^(ci)- 

b) Assume that k — 1 does not divide m and set /i = G. C. D.(m, k — 1). Since ip 
is non-cyclic and (3'^ commutes with a, we have 

2<fi<k-2. (2.7) 

It follows from relations ()1.6|) that 

(710-2 •■■ ■ (Ti = (72 ■ (Ti(T2 ■■ ■O'm ! (2-8) 

expressing ai, in terms of a and /? according to ()1.8p . we can rewrite ()2.8|) in the 
form 

{a-^(3 ■ (3a-^ ■ a^(3a-^ ■ a^(3a-^ ■ ■ ■ a^'-^(3a-''+^) ■ a-^(3 

= (3a-^ ■ {a-^(3 ■ (3a-^ ■ a^(3a-^ ■ a^(3a-^ ■ ■ ■ a^-2/5a-^+^) , 

which leads to the relation a~^P^a~^P = f3a~'^l3^a^^^^ . Hence 

a-^p^a-^'p = f3a-^(3^'a-^'+\ 

Since /3'^ commutes with a, it follows from the latter relation that a"'^'^"^-^-'/? = /?q?~(^+^\ 
that is, ip{a^~^^) commutes with ipiP)- Because of (|2.7|) . k cannot divide fi+l; it follows 
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from statement (a) that k = A and G. C. D.(/i + 1, 4) = 2 so that fi must be odd. But 
for k = 4 (j2.7|) means that yU = 2, and a contradiction ensues. □ 

Remark 2.22. For any homomorphism ip: Bk —>■ H, it follows from relations ()1.5|) 
that ipicTi) ~ "^{(^j) (1 ^ i,j < k). In particular, if /J = S(n), then all permutations 
ip{cri) have the same cychc type, that is, [V'(cri)] = • . . = O 

In the following lemmas [2 . 2 3112 . 2 51 we assume that A; > 3 and consider a homomorphism 
ip: Bk ^ S(n). 

Lemma 2.23. If k > 4 and for some r, 1 < r < n, the family InVr(ai) consists of a 
single set S, then the homomorphism ip is intransitive. 

Proof. For i ^ 2, the mutually conjugate elements ai and ai commute; by Lemma 
\2.Si c). S is the only aj-invariant set of cardinality r. It is certainly so for i = 4; since ^2 
commutes with a^, we see that S G Inv(CT2). Thus, S G Inv(a.j) for all i = 1, . . . , k — 1 
and ip is intransitive. □ 



Parts (a) and (6) of the following lemma were proved in |Art47b] (for n = k). 



Lemma 2.24 (Artin Lemma on cyclic decomposition of ai). Let k > 4 and 

let ip: Bk ^ be transitive. Assume that the cyclic decomposition ofdi = 'ip{o'i) 
contains an r -cycle C . 

a) If r > n/2, then r = n and is cyclic. 

b) If n is even and r = n/2, then the cyclic decomposition of ai is of the form 
a I = Bi ■ ■ ■ BgC , where all cycles Bi are of the same length t, 2 < t < r, and r = st. 

c) If n = 2p with a prime p, then either r < p or r = 2p = n; in the latter case i/j 
is cyclic. 

Proof, a) Let S = supp C so that #S = r. It follows from the assumption 
r > n/2 that S is the only ai-invariant set of cardinality r; since ip is transitive. 
Lemma 12.211 implies that S = A„, r = n, and ai = C. The permutations 0^3 and 
^4 commute with ai] hence each of them is a power of the cycle C and is cyclic 
fLemma lZTTfl . 

b) If ai = BC, where B is an r-cycle, then assertion (6) holds (with s = 1, t = r). 
So we may assume that C is the only r-cycle in the cyclic decomposition of cti. In this 
case for each i 2 the set E = suppC is aj-invariant and the restriction = C^^ 
for some integer g^, < < r f Lemma 12.71^ 6)). 

Set s = G. C. D.(g4,r); let us show that 1 < s < r. If s = 1, then C^^ is the only 
r-cycle in the cyclic decomposition of ^4; since a2 commutes with a^, the set E is also 
a2-invariant, which contradicts the transitivity of ip. If s = r, then ^4 = and the 
restriction a4|E = C^" = ids so that E C Fix(a4). However, the cyclic decomposition 
of ^4 must contain some r-cycle (for ~ di). Consequently, E = Fix(a4) and hence 
E G Inv(a2), which contradicts the transitivity of ip. Thus, 1 < s < r, r = st, 
2 <t < r and C"'* is a product of s disjoint t-cycles. 

Since ai ~ ^4 and C =^ ai, we obtain the desired representation of ai. 
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c) In view of (a), we should only show that r ^ p. Assume to the contrary that 
r = p; since p is prime, (6) implies that ai = BC, where B and C are disjoint p- cycles. 

Notice that p ^ 2. For otherwise n = 4 and [ai] = [^2] = [2,2]; however, in S(4) 
any two permutations of cyclic type [2, 2] commute and, by Lemma 12.171 the homo- 
morphism ip is cyclic. Since ip is transitive, ai must be a 4-cycle, and a contradiction 
ensues. 

Thus p > 3. It follows from Lemma l2. 121 that for each i ^ 2 there exist natural 
numbers nii^rii (1 < mi,ni < p) such that di = B^^C'^\ (Cases (ii), {Hi) described in 
Lemma f2. 121 cannot occur here, since pj] = [ai] = [PiP] and p > 3.) Applying Lemma 
12. 121 to ^2 and a^, we conclude that ^2 also is of the form B'^C^, which contradicts the 
transitivity of ip. □ 

Lemma 2.25. a) If k < n and [ai] = [2], then ip is intransitive. 

h) If pi] = [3] and k > 3, then a\ = as; consequently, if in addition k > A, then ip 
is cychc. 

c) If 4 < k < n and # Fix ai > n — 4, then ip is intransitive. 

Proof, a) Clearly [a^] = [2] for any i; it is readily seen that in this case ei- 
ther ip is cyclic and #(U*ir| supp ai) = 2 < k < n or ip is non-cychc, ajooaj+i and 
supp ai) <k < n. Anyway ip is intransitive. 

h) Since [a^] = [3] for every i. Lemma l2 . 1 II implies that ai = a^; if A; > 4, then ip 
is cyclic by Lemma (2. 181 

c) Let m = ^ Fix ai, so, either m = n, or m = n — 2, or m = n — 3. li m = n, 
then ai = id and ip is trivial. If m = n — 2, then \ai] = [2] and ip is intransitive by 
(a). Finally, if m = n — 3, then \ai] = [3] and, by (b), ip is cyclic; in this case all ai 
coincide with the same 3-cycle, and ip is intransitive, since n > k > 4. □ 

In the following lemma we show that the support of the permutation ai = ip{ai) 
must be relatively small provided ip is transitive and all cycles that occur in the cyclic 
decomposition of ai have different lengths. For a real x > 0, we denote the integral 
part of X by E{x). 

Lemma 2.26. Let k > 4 and let ip: Bk S{n) he a transitive homomorphism. 
Assume that ai is a product of fi disjoint cycles of pairwise distinct lengths ri, ...,r^ 
{1 < Ti, < n for all u = 1, fi). Then each two permutations ai and aj with \ j — i\ > 2 
are disjoint and hence 



Proof. Each ai, 1 < i < k — 1, also is a disjoint product of cycles of pairwise 
distinct lengths ri,...,r^. Let us fix some i and consider the cyclic decomposition 



ai = Ci - ■ ■ C^, [Ci,] = [riy]. Let T.^, = suppC,^ and S = suppa.j = IJ S,^; each set S,^ 

is aj-invariant. For every j with |j — «| > 2 the permutation aj commutes with a^; 
since all r^, are distinct, each Sj, is aj-invariant and, by Lemma f2.7f &). the restriction 




(2.9) 
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aj I S of aj to S is of the form 

aj|S = Cf''---C;j^-^ (2.10) 
with certain integers qj^^,, < qj^^, < . 

Let us show first that dj is disjoint with di whenever \j — i\ > 2. To this end, it 
suffices to show that S'jiS = ids for such j, or, which is the same, that in ()2.in|l all 
= - = (13,1^ = 0- 

Assume to the contrary that for some jo with |jo — «| > 2 there is a non-zero qj^^u- 
Then the permutation D = Cu^°'" is an ri,-cycle (for otherwise D would be a product 
of a few cycles of the same length, which is impossible since D ^ o'j^). Clearly D is the 
only Ti^-cycle in the cyclic decomposition of aj„. Since \jo — i\ > 2, the permutations 
as with |s — ^1 = 1 commute with aj^ so that the set suppD = Sj, is ag-invariant. 
However, H^, is aj-invariant and also aj-invariant for every j with \j — i\ > 2. Thus, 
E,^ is invariant with respect of all ai, a^-i and hence it is an (Im^/')-invariant set of 
cardinality r,^, 1 < r,^ < n, which contradicts the transitivity of ip. 

We are left with the case when |j — ^| = 2. Since k > 4, there exists an index t, 
1 < t < k — 1, neighboring to one of the indices i,j and non- neighboring to another 
one. Because the situation is symmetric with respect to i and j, we may assume 
that |t — j| = 1 and |t — ^| > 2. Then the condition |j — =2 implies that in fact 
\t — i\ > 2 and, as we have already proved, at is disjoint with af, hence at{m) = m for 
each m G S. Morever, for such m we have also aj{m) G S, for S is aj-invariant. In 
particular at(aj{m)) = aj{m) = aj(at{m)). Thus, taking into account that \t — j\ = 1, 
for each m G S we obtain 

dj(m) = at(aj{m)) = at{(aj(at{m))) = (atajat){m) 

= {djatdj ) (m) = dj {at [dj {m))) = aj [dj (m) ) . 

Since ^^(S) = S, (|2.1H) implies that aj{m) = m for all m G S so that aj\T, = ids and 
the permutations aj and a, are disjoint. □ 

2.4. Transitive homomorphisms B^. —>■ S(n) and prime numbers. The fol- 
lowing lemma is the heart of Artin's methods developed in |Art47bj . It was not 
formulated explicitly but the proof (for k = n) was given in the course of the proof 
of Lemma 6 in the quoted paper. For completeness of the exposition we present the 
proof of this very important lemma. 

Lemma 2.27 (Artin Fixed Point Lemma). Let k > A and n be natural numbers. 
Suppose that there is a prime p > 2 such that 

n/2 <p<k-2. (2.12) 

Then for every non-cyclic transitive homomorphism tp: B^. ^ S(n) the permutation 
ai = ip{ai) has at least k — 2 fixed points; in particular, n> k. 

Proof. The permutations a = ip{a) and ai generate the whole image Imip C S{n) 
of ip- For each i, 3 < i < k — p + 1, set Ti = = ip{ai^p+i^i). It follows from 

relations (jl.3p and (|1.4p that Tj+i = aTia~^. Thus, T3, T^.p+i are conjugate to 
each other and have the same cyclic type. 
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Corollary 12.201 implies that Tj 7^ 1 and ordTj = (modp). Since p is prime and 
p > n/2, the cyclic decomposition of Tj must contain a unique p-cycle Cf, let us show 
that its support Sj = supp Cj is contained in Fixai. Indeed, ai commutes with Tj and 
Lemma ITTT fe) shows that = C^' for a certain gj, < < p. In fact qi = 0; for 

otherwise, G. C. D.(gj,p) = 1 and Cf' is a cycle of length j9 > n/2 that occurs in the 
cyclic decomposition of ai, which contradicts Lemma f2.24f a). Hence ai|Ej = ids;- 

For 3 < r < k—p+1, each union S'r = SaU-.-USr is contained in Fixai; in particular, 
Sr is a non-trivial ai-invariant set. It suffices to show that ij^Sk-p+i > k — 2. Since 
i^S^ = = p, this will be achieved by showing that ^ 5^ for all r = 3, k—p 
(if this is the case, then ^Sk-p+i >p+{k — p — 2) = k — 2). 

Suppose to the contrary that S^+i ^ Sr for some r, 3 < r < A; — p, so that 
1. Since is the only p-cycle in the cyclic decomposition of Tj and Tj+i = 
aTiCi^^, we have aCia^^ = Cj+i and = Hence Q?(S'r) = Q?(S3 U ... U S^) = 

E4U...UEr+i C Sr+i = 5*^ and Sr is a non-trivial (Im ?/')-invariant set, which contradicts 
the transitivity of ip. □ 

Remark 2.28. The mapping ai 1— >• (1, 2)(3, 4)(5, 6), a h-> (1,2,3,4,5), extends to a 
non-cyclic transitive homomorphism ip^^: -B5 — S(6). This shows that the assertion 
of Lemma [2 . 2 71 b ecomes false if we replace the inequalities (|2.12p by the slightly weaker 
inequalities n/2 < p < k — 2. Nevertheless 

the conclusion of Artin Fixed Point Lemma holds true whenever there is a prime p > 3 
that satisfies n/2<p<k — 3. 

For p > n/2 this follows directly from Lemma f2. 2 71 Thus, to justify our assertion, we 
need only to consider the case when Q < n = 2p < 2[k — 3). 

Define Tj as in the proof of Lemma [2.271 As above, ordTj = (modp) so that the 
cyclic decomposition of Tj must contain a cycle Cj of length divisible by p; but now we 
have p = n/2 instead of the strict inequality p > n/2 and hence either (i) Ti contains 
a single cycle of length p or (ii) [Ti] = [p,p] or (iii) [Ti] = [2p]. 

In case (i) the argument above has to be modified just at one point: to show that 
all Qi = 0, one should refer to Lemma f2.24r c) instead of Lemma f2.24r a). 

Let us show that cases (u) and (iii) cannot occur. Notice that k — p + 1 > 4; 
therefore, we can deal with the permutation A = T4. 

In case (u), A = T4 = BC, where B and C are disjoint p-cyc\es. Let B = 
(60, • • • , C = (co, . . . , Cp_i). Since the permutations D = ai and D' = 

commute with A = T^ = BC, Lemma 12.121 applies to the couples A, D and A, 
D' respectively. Notice that D and D' are non-trivial, D D' and hence [D] = 
[D']; so, if one of these permutations is of the form (z) described in Lemma 12.121 
then it contains a p-cycle; however this contradicts Lemma f2.24f c). The same lemma 
shows also that [D] = [D'] 7^ [2p]. So D, D' must be of the form [ii) described 
in Lemma 12.121 that is, D = ai = Dq ■ ■ ■ -Dp_i and D' = a2 = Dq ■ ■ ■ -Dp_i, where 
Di = (6j, C|j+r|^), D'j = {hj, C|j+r/|^), r and r' do not depend on and < r, r' < p. 
Clearly (aia2ai)(6o) = {^25i^2){po). It is readily seen that the left hand side of the 
latter relation equals c\2r-r'\^, and the right hand side equals C|2r'-r|p- Consequently, 
2r — r' = 2r' — r (mod p), that is, 3(r — r') = (modp). Since p > 3 is prime, we have 
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r = r'; therefore, Di = D[ for all i. Thus, di = ^2 and ijj is cyclic, which contradicts 
our assumption. 

In case {iii), T4 is a 2p-cycle. Since 2p = n and both ai and 0^2 commute with T4, 
they also commute with each other f Lemma \2.7i b)). and a contradiction ensues. 

The homomorphism Uq: Bq —>■ S(6) (see Artin Theorem in Sec. II. 7p shows that the 
condition p > 3 above is essential. O 

Remark 2.29. A prime p G ((fc+/)/2, k — 2] does certaily exist in each of the following 
three cases: (a) 6 ^ k > 5, I = 0; (b) k>7, I = 1; (c) 8,12^ k> 7, I = 2; (d) 
11,12 7^ > 9, / = 3. 

Case (a) is known as "Bertrand Postulate"; it was proven by P. L. Chebyshev 
in the 19th century. In fact all cases may be treated on the ground of the following 
inequality due to P. Finsler |Fin45j (see also |Trost j . p. 60, Satz 32): 7r(2m)— 7r(m) > 
m/(31og(2m)) for all natural m > 1, where 7r{x) is the number of all primes p < x. 
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3. Homomorphisms Bk S(n) and Bk Bn, n < k 

In this section we prove parts (a) and (6) of Theorems A and Theorem B (see 
Theorem 13.11 and Theorem 13.151 respectively). To prove Theorem 13.11 we follow the 
methods of E. Artin; the main new point is that we make extensive use of the fact 
that for > 4 the commutator subgroup 5^ is perfect (Sec. II. 8p . Theorem 13 . II applies 
in order to improve Artin Theorem on homomorphisms B^ —>■ S{k) (see Theorem 13.91 
below) . 

Theorem 3.1. Let k ^ 4 and n < k. Then 

a) every honioniorphism ip: B^ S(n) is cyclic; 

b) every honioniorphism (p: Bj. B„ is integral. 

Proof. For A; < 3 both statements are trivial, since B2 = Z. Assume that k > 4. 

a) Suppose that there exists a non-cyclic homomorphism tp: B^. ^ S(n) and set 
H = Imip C S{n). Then there exists at least one if-orbit Q C A„ of a certain 
length m = < n < k such that the reduction ipq: B^ S(Q) = S(m) of the 
homomorphism ip to Q is a. non-cyclic transitive homomorphism (see Observation at 
the end of Definition 11.3^ . Since k > 4 and m < k, Chebyshev Theorem (Remark 
I2.29f a)) supplies us with prime p > 2 such that m/2 < p < k — 2 and Lemma [2.271 
implies that the permutation ipQ{ai) G S(m) has at least k — 2 > m — 2 fixed points. 
Hence ipQ{ai) = idg and ipq is trivial, which contradicts our choice of Q. 

b) Consider the composition ip = fiocj): B^ Bn — ^ S(n) of with the canonical 
epimorphism 11: B^ ^ S(n). By (a), ip is cyclic and its restriction to is trivial. 
Thus, 4>{B'i^) C Ker/i = PBn- Being a perfect group 5^ does not possess non-trivial 
homomorphisms to the pure braid group PBn (Corollarv ll.6|) . Hence the restriction 
of (f) to B'f^ is trivial and (p is integral. □ 

Remark 3.2. The condition k ^ 4 in Theorem 13. II is essential. To see this, take the 
canonical systems of generators {cxi, cr2, o's} in S4 and {cr^, cig} in B^ and consider the 
surjective homomorphism tt: B^j^ B^ defined by 

7r(o-i) = 7r(o-3) = a[, 71(0-2) = cr'2. 

This example shows that for k = 4 statement (6) of Theorem 13.11 is false; (a) is also 
false, since the composition /i o tt: B4 —>■ S(3) of vr with the canonical epimorphism 
11: B^ S(3) is surjective. We call t[: B^^ ^ Bj, the canonical epimorphism. It is 
easily seen that the kernel of vr coincides with the normal subgroup T <\ B^ described in 
11.81 fGorin-Lin Theorem (c)). In terms of special generators a, /5 G -B4 and a', /?' G -B3, 
the canonical epimorphism vr looks as follows: vr: a 1— >■ /? ^— {fi')~^ {a'Y pi' . Q 

Our next goal is to prove Theorem B. To this end, we need some preparations. We 
start with some additional properties of the pure braid group PB^. In what follows, 
we use the notation introduced in Sec. [T] In particular, ai, ■ ■ ■ au-i are the canonical 
generators of Bk and the elements ajj, 1 < i < j < k, are defined by ()1.3|) . 

Lemma 3.3. Let 1 <t < k -1. Then 

(ait)* ■ CTtCTt-i ■ ■ ■ CTi = (ai,t+i)*. (3.1) 
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Proof. Let q, r, s be integers such that 0<r<s<t, I < q < t and q + r < t. 
We prove that 

{auY ■ (TtCTt-l • ■ ■ 0"g = ■ (^t<^t-l ■ ■ ■ 0"g+r(«l,t+l)''- (3.2) 

The proof is by induction on r with the case r = trivial. Suppose that ()3.2|) holds 
for some r > such that r + 1 < s and q + r + 1 < t. Notice that 

ait(Jt = ai - ■ -at-i ■ at = ai^t+i ■ (3.3) 

Therefore, using relations ()1.6p . we obtain 

{auY ■ (Ttat-i ■ ■ ■ cTg = (auY''' ■ (Tt(^t-i ■ ■ ■ CTq+r ■ {ai,t+iY 

= {<yitY~''~^<^U ■ (^tCTt-l ■ ■ ■ CTq+r " («l,t+l)'' 
= {aitY~''~^Cll,t+l ■ CTt-l ■ ■ ■ CTq+r " {ai,t+lY 
= {auY '^^ ■ CTf ■ ■ 0-q+r+l«l,t+l " ("l.t+l)'' 



{auY ^''^^^ -(yf- crg+(r+i) ■ (ai,t+i) 



r+1 . 



this completes the inductive step and proves ()3.2|) . When g = l, r = t — 1 and s = t 
relation ()3.2|) takes the form 

(ait)* ■ o"to-t_i ■ ■ • (Ji = aif Of {ai^t+if^'^ ] 
in view of ()3.3|) . the latter relation coincides with ()3.ip . □ 

Assume now that 1 < r < k. Let Sjj & Bk {I < i < j < k) and s-j (1 < i < j < r) be 
the canonical generators of the groups PBk and PBr respectively. Consider the group 
epimorphism C,k,r '■ PBk PBr defined by and set 

Rt = Si,tS2,f-St.i,t {2<t<k), R't = s'.J^y ■ s[_,^t (2<t<r). 

Lemma 3.4. For every integer t that satisGes 2 <t < k the following relations hold: 

Rt = (Jt-iCTt-2 ■ ■■a2afa2 ■ ■ ■ cxi_2crt-i, R2R3 ■ ■ ■ Rt = {(^1(^2 ■ ■■(^t-iY- (3-4) 

Proof. The proof is by induction on t with the case t = 2 trivial {R2 = si,2 and 
-31,2 = CTf). Assume that relations ()3.4|) hold for some t, 2 < t < k. Then 

Rt+l = Si^t+lS2,t+l ■ ■ ■ St-.l^t+lSt,t+l = CTtSi^tCt ^ • CTtS2,tCTt ' ' ' O'tSt-l^tO't ^ ' ^1 

= crtSi,tS2,t ■ ■ ■ St-i,tCTt = cTtRt(yt = (^1(^1-1(^1-2 • • ■(^2CTl(r2 ■ ■ ■ (rt-2(^t-lCTt 
and, according to ()3.1|) . 

R2R3 ■ --RtRt+l = {(^1(^2 ■ ■ ■ (^t-lY ■ (^t(^t-l ■ ■ ■ (T2CTfcr2 ■ ■ ■ CTt-iat 
= [{(^ItY ■ (^tCTt-1 ■ ■ ■ CT2(ri] ■ ax02 - ■ ■ Ot-\Ot 

= {ai^t+iY ■ 0-10-2 ■• • (^t-i(^t = (ai,t+i)*^^ ; 
this completes the inductive step and proves the lemma. □ 

Recall that CBm C PBm is the cyclic subgroup of B^ generated by the element Am- 
This subgroup coincides with the center of B^ whenever m > 2; clearly CB2 = PB2. 
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Lemma 3.5. Let 1 < r < k. Then 

in particular, C,k,r\CBk: CBk CB^ is an isomorphism. 
Proof. According to Lemma 13.41 

^k,Mk) = ((fXl ■ ■ ■ (Tfc_i)'=) = a,r(i?2 ' ' ' Rk) ■ (3.5) 

Clearly, ^k,r{Rj) = R'j for j ^ r and C^^riRj) = 1 for j > r. Using these relations 
and taking into account relations ()3.5|) . ()3.4|1 (the latter one for the elements -R"s and 
ct"s), we obtain ^kA^k) = R'^- ■ ■ K = {<y'i- ■ ■ K-iY = ^r- □ 

Corollary 3.6. For any k > 3, the pure braid group PB^ is the direct product of its 

(2) 

subgroups PBl and CBk. 

Proof. We have already noted in Sec. 11.51 that the kernel of the epimorphism 
^k,2'- PBk PB2 = CB2 coincides with PB\ , so we have the exact sequence 

1 ^ P5f ^ ^ PBk ^ CB2 1 . 

By Lemma (3.51 ^k,2 carries the subgroup CBk onto CB2 isomorphically; since CBk is 
the center of Bk, this proves the lemma. □ 

Lemma 3.7. Let k ^ A and let G be the kernel of a cyclic homomorphism ip: Bk 
S{k). Then every homomorphism 0: G — PBk is integral. 

Proof. Assume first that k > 4. Since ip is cyclic and 5^ is perfect, we have G = 
Kei^ D B'^ and B'^ D C ^ {B'J = B'^- hence C = B'^ and C is perfect. By Corollary 
II. 6| (j^iC) = {1} and the homomorphism is abelian. Furthermore, C/C = C/B'k 
is a subgroup of Bk/B'f^ = Z; thus, G/C is cyclic and the homomorphism must be 
cyclic. Since PBk is torsion free, is integral. 

Now let = 3. By Corollary EH PB^ = PB^ x CB^. Let tti and vra be the projections 
of P-B3 onto the first and the second factor respectively. We know also that CB3 = Z 
and PbP = ¥2 (Markov Theorem). 

(2) 

If ip is trivial, then G = B3 and the homomorphisms tti o (f): B3 ^ PB}f' and 
7r2 o 0: B3 CB^ are integral f Remark II. 2|) : consequently, the homomorphism is 
abelian and therefore integral. 

Now let -0 be non-trivial. Then either (a) ['0(cri)] = [2] or (6) ['0(c"i)] = [3]. 
Using Reidemeister-Schreier process, it is easy to show that in case (a) the group 
G = Kerijj is generated by the elements u = 02^1^ and v = al that satisfy a single 
defining relation {uvuY = vuv. In case (6) the group G is generated by the elements 
u = a2(Ti^, X = cricr20"f^, and y = afa2 that satisfy the defining relations yuy~^ = u~^, 
yxy^^ = x^^. 

In case (a), applying Lemma (2.11 to the elements u,v and to the homomorphisms 
TTi o 0, o 0, we obtain that the elements u = (f){u) and v = 0(f) commute. Since 
they satisfy the relation {uvu)"^ = vuv, we have = 1. But the group PB^ is torsion 
free; hence u = 1. Consequently, the subgroup Im0 C PB3 is generated by a single 
element v; therefore is integral. 
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Similarly, in case (6) we obtain that the element y = (f){y) commutes with the 
elements u = (f){u) and x = (pix). Since yuy~^ = u^^, yxy^^ = x^^ and the group PB^ 
is torsion free, we obtain u = x = 1. Thus, the group Im0 is generated by a single 
element y and is integral. □ 

Lemma 3.8. For k ^ 4, every non-surjective homomorphism ip: Bj; S{k) is cyclic. 

Proof. If ip is transitive, then the lemma follows directly from Artin Theorem. 
So we may assume that ip is intransitive; then j^Q < k for any (Im-?/;) -orbit Q C A^. 
Theorem 13.11 implies that the reduction of to any such orbit is cyclic; hence ip itself 
is cyclic. □ 

Lemma 13.81 shows that any non-cyclic homomorphism ip: Bk S(A;) is transitive 
provided k ^ 4. This implies the following useful improvement of Artin Theorem: 

Theorem 3.9 (Improvement of Artin Theorem). Statements (a), (6) (and also 
(d) whenever k ^ A) of Artin Theorem hold true for every non-cyclic homomorphism 
ip: Bk S{k) even without the additional assumption that ip is transitive. Thus, for 
k ^ 4,6 every non-cyclic homomorphism ip: Bk ^ is conjugate to /ifc and any 

non-cyclic homomorphism ip: Bq ^ S(6) is conjugate either to fiQ or to z/g. □ 

Lemma 3.10. For k ^ 4 every homomorphism (p: B^. ^ B'j. is integral. 

Proof. If A; = 3, the lemma follows from Remark IT^ since B'^ = ¥2. Let k > 4 
and let /i': B'f, ^ S(A;) be the canonical homomorphism. Consider the composition 

tp = fi' o (p: Bk B'k S(/c) . 

Clearly Imip C Im/x' = A(A;); hence ip is non-surjective and, by Lemma 13.81 cyclic. 
Consequently, (/i' o (p){B'^) = i){B'^) = {1} and 0(5^) C Ker/x' C PBk. Since B'^ is 
perfect, (p^B'^) = {1} and (p is cychc. □ 

Remark 3.11. If A; > 4 and the restriction cp' of a homomorphism (p: Bk ^ G to 
B'l^ is abelian, then (p{B'^) = {1} (since i?^ is perfect) and (p is cyclic. For A; = 3 or 
4 this is not necessarily so; for instance, the canonical epimorphism fi: B-^ —>■ S(3) 
carries B'^ onto the cyclic group A(3) = Z/3Zi. Moreover, the natural projection 
(p: B^ B^/{B'^y is non-abelian and (p{B'^) = Z © Z; so, even if we assume that G 
is torsion free, this will not save the situation. The following statement nevertheless 
holds. 

Lemma 3.12. Let k = 3 or 4 and let cp' : B'f^ ^ G he the restriction of a homomor- 
phism (p: Bk ^ G. If (p' is integral, then it is trivial and (p is integral. 

Proof. Assume first that A; = 3. Let u = Oi^x^ and v = oxcy^o^'^ be the canonical 
generators of the group -B3 p.l4|) . It is easily seen that relations aiua^^ = v and 
aiva^^ = u~^v hold true; so Lemma 12.21 applies to the homomorphism %p = cp' (the 

matrix M = (^^^ satisfies the conditions det M = 1 and det(M^ — J) = 3 7^ 0). 

Therefore, cp' = 1 and (p is integral. 

Now let A; = 4 and let T = Kervr be the kernel of the canonical epimorphism 
tt: i?4 — >■ i?3 (see Remark l3.1|) . Since cp' is integral, Ker0 'D Ker0' ^ (-B4)' (the second 
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commutator subgroup of the group -B4). By Gorin-Lin Theorem (c), T coincides with 
the intersection of the lower central series of the group B'^. Hence T C (-B4)' C KeT(j) 
and may be decomposed as 

= ^ o tt: 54 ^ BJT = B3^G, 

with a certain homomorphism ip. Let ip' be the restriction of to B'^. Then iIj'{B'^) = 
i/j{7:{B'^)) = (f)'{B'^). Hence ip' is integral. Since for k = 3 the lemma was already 
proved, ip is integral and the original homomorphism (p = ^p on is integral as well. □ 

The following simple lemma provides us with a very useful tool for the study of endo- 
morphisms of Bk- 

Lemma 3.13. Let k ^ 4 and let (p be an endomorphisni of the group Bk such that 
the composition 

^ = liocp: Bk Bk S(fc) 
of (p with the canonical epiniorphism /i is cyclic. Then (p is integral. 

Proof. Let G = Keiip. Then (/io0)(G) = ip{G) = {1} and 0(6") C Ker /i = PBk- 
By Lemma 13.71 the homomorphism (p\G: G — * PBk is integral. Since ip is cyclic, 
G = Ker Ip ^ 5^; hence the restriction (p' of (p to -B^ is integral. For > 4, the group 
B'l^ is perfect, which implies that (p' is trivial and (p is integral. For k = 3 the same 
conclusion follows from Lemma [3.121 □ 

Let X'- Bk —>■ 1j he the canonical integral projection (see Sec. ILSf a^). 

Lemma 3.14. Ker C 5^ for any non-trivial endomorphisni (p: Bk —>■ Bk. Moreover, 
if k A and is non-integral, then 0~^(i?^) = B'f^. 

Proof. If is integral, then Ker0 = B'f, (for Bk is torsion free). Assume that 
is non-integral. 

If A; = 4, then there is a non-trivial homomorphism 77: Im0 — > Z fCorollarv ll.9p . 
The composition 

^ = T] o (P: Bi ^ B^ ^ Z 
is also non-trivial; so Ker^ = B'^ and Ker0 C Ker^ = B'^. 

Finally, if /c 7^ 4, then Lemma 13.101 implies that the subgroup Im C Bk is not 
contained in i?^; therefore, the composition 

C = x° <P- Bk ^ Bk ^ Z 

is non-trivial. Hence B'f, = KeT( = Ker(x o 0) = 0^-'^(Ker x) = cp^^^B'f,) and Ker0 C 
KerC = 5^. □ 

Now we prove our Theorem B, which gives an essential strengthening of E. Artin 
theorem on automorphisms of Bk, | Art47b] . 

Theorem 3.15. If k ^ A, then (p{PBk) C PBk, 4>-\PBk) = PBk and Ker0 C 
for every non-integral endomorphism (p: Bk —>■ Bk. 
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Proof. According to Lemma f3. 131 the composition 

ijj = fio(f): Bk Bk S(fc) 

is non-cyclic. By Lemma 13.81 ip is surjective and hence transitive. It follows from 
Artin Theorem (Sec. II. 7p that Y^eiip = PB^. Thus, 

PBk = Ker^ = 0-^(Ker/i) = (f)-\PBk) 

and (f){PBk) = 4>{4>-\PBk)) C PBk. Moreover, Ker0 C Ker (/x o 0) = Kerip = PBk. 
Finally, by Lemma ITTH Ker0 C 5^ and hence Ker0 C PBk D B'f. = Jk. □ 

Remark 3.16. It follows from relations (imi . (fTTl) . (fO|) that 

(aicr2) • (0-30-2) • (0-10-2) = (0-10-20-3) ■ 0-20-10-2 = 0-30-20-3 ■ (0-10-20-3) 

= (0"30-2) ■ O"! ■ (0-30-20-3) = (0-30^2) • 0-1 ■ (0-20^30^2) 

= (0^30^2) ■ (0-10-2) ■ (0^30-2). 

Therefore, we can define an endomorphism (p of the group i?4 by 

0(ai) = (pia-i) = criO-2, 0(cr2) = 0-30-2- 

This endomorphism is non-abelian (for 0(o-i) 7^ 0(0^2)), but 0(o-i) = (0-10-2)^ ^ PB4; 
thus (j){PB^) ^ PB4. Besides, Ker0 = T ^ J4. Moreover, (f){(xf) = ((Ti(T2)^ e 
which shows that af G (p'^iPB^); but orj* ^ P54, and therefore (p'^PB^) ^ P54. 
This example shows that the condition k ^ 4 in Theorem 13.151 is essential. 

For any k > 3, there is an mte^ra/ endomorphism cp: Bk ^ with (p{PBk) ^ PBk. 
Indeed, take c & Bk such that c ^ P-Bfc and define (p by 0(o-i) = . . . = (p{(Tk-i) = c. Q 

The rest of this section is devoted to some results on endomorphisms of the groups 
P3, P4 and on homomorphisms from B4 into B^ and S(3). 

Theorem 3.17. Any non-integral endomorphism (p of P3 is an embedding. 

Proof. Since (p{B'^) C B'^, the restriction (p' of (p to B'^ may be regarded as an 
endomorphism of the group B'^ = ¥2. The image G = Im0' is a free group of rank 
r < 2. Since (p is non-integral. Lemma 13.121 implies that (p' is non-integral; hence 
G = ¥2 and (p' : B'^ ^ G is an isomorphism. By Lemma l3.14t Ker0 C B'^. Thus, 
Ker0 = Ker0' = {1}. □ 

Remark 3.18. For any k > 2, there exist proper embeddings Bk ^ Bk. For k = 2 
this is evident. If /c > 2, take any m G Z and define the endomorphism (pk,m by 

<Pk,m: Bk 3 g ^ {Akr'^'^'^ ■ g e Bk, 

where x'- Bk ^ is the canonical integral projection. For any g G B^., we have 
x{g) = and (pk,m{g) = f?; in particular, (pk,m is non- integral. By Lemma I3.14|, 
Ker0fc^m ^ B^; hence (pk,m is an embedding. If h = 4>k,m{g) G Im^^^m, then 

X{h) = X {<Pk,m{9)) = X {{Akr''^'^ ■ g) = {mk{k - 1) + l)x{gy, 
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consequently, x(^) is divisible by the number s(m) = mk{k — 1) + 1. On the other 
hand, if h E and x{h) = ts{m) for some t G Z, take g = (Ajt)"*™ ■ h; then 

X{g) = -tmk{k - 1) + t{'mk{k - 1) + 1) = t, 

and hence 

<i)kA9) = {AuT^^a^ ■ g = (A^r' ■ (Afc)-*" ■h = h. 
It follows that the image of 0^,™ coincides with the normal subgroup x~^(s(m)Z) C B/.. 
If m 7^ 0, then s(m) 7^ ±1, lm(f)k,m = X~^('5("^)Z) 7^ 5^, and 0^^^ is a proper 
embedding. 

Let 77 : B4 B:^ and fi: B^ S(3) be the canonical epimorphisms. 

Theorem 3.19. a) Any non-cyclic homoniorphisni ip: B4 ^ S{3) is conjugate to the 
coniposition /i o tt: B4 B3 S(3). 

b) Let : B4 —>■ B3 be a non-integral homoniorphisni. Then there exists a niononior- 
phisni ^ : S3 — s> S3 such that 

<f) = ^on:B,^B;^B,. 

In particular Ker0 = T. Moreover, if (p is surjective, then ^ is an automorphism of 
the group B^. 

Proof, a) Clearly, tpiB'^) C S'(3) = A(3) = Z/3Z. Consequently, 

Keii/j D {B'J D T = Kervr. 

Therefore, there exists a homomorphism (p: B3 ^ S(3) such that -0 = o tt. Since ip 
is non-cyclic, is non-cyclic too; by Artin Theorem, is conjugate to /i. Hence ip is 
conjugate to the composition /i o vr. 

b) Since (piB'^) C S3 and T = Kervr is the intersection of the lower central series of 
the group B'^, the image 0(T) is contained in the intersection H of the lower central 
series of the group S3. But S3 = F2, and thus H = {1}. Consequently, 0(T) = {1} 
and KerTT = T C Ker0. Therefore, there exists an endomorphism 1^ of the group 
S3 such that = ^ o TT. Since is non-integral, ^ is also non-integral; according to 
Theorem 13.171 ^ is injective. Hence, Ker0 = 7r~^(Ker^) = 7r~^({l}) = Kervr = T. 

Finally, if is surjective, ^ is surjective, too. Hence ^ is an automorphism of 
S3. □ 

Theorem 3.20. Ker = T for any non-integral noninjective endomorphism of S4. 

Proof. Let = vr o 0, where vr: S4 ^ S3 is the canonical epimorphism. The 
homomorphism ip is non-trivial (for otherwise Im C Ker vr = T = F2 and, by Remark 
II. 2[ is integral). Consider the following two cases: a) ip is integral, and b) ip is non- 
integral. 

a) In this case (p{B'^ C Kervr = T = F2, and (as in the proof of Theorem 13.19^ 6)) 
we obtain a homomorphism ^ : S3 — S4 such that = ^ovr. Since is non-integral, ^ 
is non-integral. By Lemma [3. 121 the restriction ^' of ^ to S3 is non-integral. It is easily 
seen that ^'{B'^) C T. Consequently, Im^' = F^, where r < 2. Since ^' is non-integral, 
r = 2. Thus, we obtain a surjective endomorphism F2 = S3 — >■ Im^' = F2 of the 
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Hopfian group F2; hence ^' must be injective. On the other hand, it is easy to check 
that Ker^ C B'^. Thus, Ker^ = Ker^' and ^ is injective. Therefore, 

Ker0 = Ker o vr) = 7r~^(KerO = 7r"^({l}) = Kervr = T. 

6) T is a completely characteristic subgroup of the group -B4. Hence 0(T) C T. Let 
: T ^ T be the restriction of to T. Since ip is non-integral, Theorem l3.19r fe) implies 
that Kerip = T; hence Ker C T and Ker0 = Ker0. Clearly, 0(T) = where r < 2. 
If r = 2, then is injective (since T = F2 is Hopfian), and is injective too. Finally, 
if r < 2, then is integral. In this case it follows from relations p.l6|) . p.l7|) and 
Lemma [2.21 that the homomorphism is trivial; hence Ker0 = Ker0 = T. □ 
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4. Transitive homomorphisms Bk S(ri) for small k and n 

For /c large enough, transitive homomorphisms Bk —>■ S{n), k < n < 2k, can be studied 
using some general methods based mainly on Lemma 12.271 Theorem 13.11 Gorin-Lin 
Theorem and the techniques which will be developed in Sec. El and Sec. El However 
for small k these methods do not work. For this reason we consider the case of small 
k in this section. 

Given a group homomorphism ijj: Bj. ^ H, we denote the ^/^-images of the canonical 
generators ai, ak-i and of the corresponding special generators a = ai - ■ ■ (Jk-i, P = 
aG\ by ai, and a, /3, respectively. Assume that the group H is finite and the 

homomorphism is non-cyclic. Then it follows from Lemma r2.21l that ord /5 is divisible 
by k — \. Moreover, ord a is divisible by k whenever 7^ 4; if = 4, then either ord a 
is divisible by 4 or ai = ^3 and ord a is divisible by 2 (but not by 4). The following 
proposition follows immediately from these remarks. 

Proposition 4.1. Let 4 < n < 7. Then any non-cyclic transitive homomorphism 
ip: B^ ^ S{n) is conjugate to one of the following homomorphisms ipl^li'. 

a)n = 4: : a ^ (1, 2, 3), /5 (1, 4); 4f. a ^ (1,2,3), f3 ^ {1,2){3,4) 
(Im4;i = S(4), Im45 = A(4)). 

6)n = 5: t/'s.s: «^(1,2,3), /3 ^ (1, 4)(2, 5) (Im^s.s = A(5)). 
c) n = 6 : 





a ^— s> 


(1,2,3)(4,5, 


6), 




. (1,2)(3,4)(5,6), 


(Tl h- 


.(2,3,6,4); 


rsfi ■ 


a 1— > 


(1,2,3)(4,5, 


6), 




. (1,4)(2,6)(3,5), 


O"! H- 


-.(1,6)(2,5)(3,4) 


^3,6 ■ 




(1,2,3)(4,5, 


6), 




^(1,2)(3,4), 


CTi h- 


-(2,3,6,5,4); 




a ^ 


(1,2,3)(4,5, 


6), 


P^ 


^(1,4)(2,5), 


CTi h- 


■.(1,6,5)(2,4,3); 


^3,6 • 


a 


(1,2,3)(4,5, 


6), 




^(1,2), 


(71 t- 


-(2,3)(4,6,5); 


^3,6 • 


a (-^ 


(1,2,3)(4,5, 


6), 




^(1,4), 


(71 h 


-.(1,6,5,4,3,2); 


'A'3,6 • 


a ^— s> 


(1,2,3), 






. (1,4)(2,5)(3,6), 


(7i h- 


-.(1,4,3,6,2,5). 



d) n = 7 : 

: « ^ (1, 2, 3)(4, 5, 6), /3 h-. (1, 4)(2, 7), a, ^ (1, 6, 5, 4, 3, 2, 7); 

aH-.(l,2,3)(4,5,6), /3 (1, 2)(3, 4)(5, 7), (71^^(2,3,6,5,7,4); 

V'g:ah^(l,2,3)(4,5,6), /3 (1, 4)(2, 5)(3, 7), (7i ^ (1, 6, 5)(2, 4, 3, 7). 

Remark 4.2. One of the 7 homomorphisms V's^e- -^3 ^ '^(6) listed above, namely, 
■^3^6' appears in a way, which deserves some comments. 
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Take any z = {z\, Z2, z^) G C'^; let Ai, A2, A3 be the roots of the polynomial pz(t, z) = 
+ zit^ + Z2t + 23. Let Pit, w) = t^ + wit^ + wat^ + ^3^^ + w^t'^ + w^t + wq be the 
monic polynomial in t of degree 6 with the roots defined by the quadratic 

equations 

(/i±-Ai)2 = (Ai-A2)(Ai-A3), 

(/i±-A2)' = (A2-A3)(A2-Ai), (4.1) 
(/x±-A3)2 = (A3-Ai)(A3-A2). 

The set of the 6 numbers /x's (taking into account possible multiplicities) is invariant 
under any permutation of the roots A,. Since the coefficients Wi are the elementary 
symmetric polynomials in /i's, they are polynomials in ^1,^25 -2^3- Thereby, we obtain 
a polynomial mapping /: C'^ 9 ^ ^— ^ w G C^. It is easy to compute the coordinate 
functions of this mapping: 



/l( 




= 2zi; 


U 




= 202:1 2:3 — 52:2; 










= 5^2; 






= 82:^2:3 — Iz-^z^ — 


42:22:3; 


(4.2) 


/3( 




= 20z3- 


/el 




= 42:1 2:22:3 - zl-i 


\zl 





The formulae for /i, /2, show that / is an embedding. Computing the discriminants 
Dp{w) and Dp^{z) = d^^z) of the polynomials P(t,w) and p3(t,z), respectively, we 
obtain the relation Dp{w) = —4P ■ [d^iz)]^. In particular, if the polynomial p3{t,z) 
has no multiple roots, then the polynomial P{t, w) = Peit, f{z)) has no multiple roots. 
Hence, the restriction of / to the domain G3 = {z G C'^| ^3(2:) 7^ 0} (see Sec. H)) 
defines the polynomial mapping 

f:G33z^w = f{z) G Ge = G C^l de{w) + 0}. 

Moreover, formulae (j4.H) show that for any z G G3 the polynomials P3{t,z) and 
P(t, w) = pe(t, f{z)) have no common roots. 

On the other hand, it was proven in |Lin96aj that for any k > 3, any natural n, 
and any holomorphic mapping F: Gk — > G„ there must be a point z° G Gk such that 
the polynomials pk{t,z°) and pn{t, F{z°)) have common roots. This means that the 
mapping / : G3 — Gg constructed above is very exceptional. 

Take z° G G3 and fix an isomorphism r: i?3 7ri(G3,2:°). Any element s E 
produces the permutation 'sof the 6 roots of the polynomial P{t, f{z)) along the loop in 
G3 (based at z°) representing the 3-braid s. This gives rise to a homomorphism — 
S(6); up to conjugation, this homomorphism does not depend on 2:0, r and coincides 
with ip^l. Since ip^l is non-cyclic, the mapping f is unsplittable. This mapping is 
related to a holomorphic section of the universal Teichmiiller family V'(0, 4) — > T(0, 4) 
over the Teichmiiller space T(0,4) and to elliptic functions. In fact, this is the way 
how / was found; however, now it is written down explicitly, and one can ask whether 
it may be found in a shorter way (say in some paper of the last century!). Let me also 
mention that the points /i's lie on the bisectors of the triangle A with the vertices A's 
(these bisectors are well defined, even if A degenerates to a segment with a marked 
interior point), and the distance between Aj and nf is the geometric mean of the 
corresponding legs of the triangle A (the latter observation is due to E. Gorin). 
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Lemma 4.3. = ip{(J^) for any transitive homoniorphism ip: ^ S(5). 

Proof. Suppose that ip{<7i) ^ '^/'(fs). Then is non-cychc, 4 divides ordS, and 
3 divides ord^. Hence, [a] = [4] and [^] = [3]. Regarding S(5) as S({0, 1, 2, 3, 4}), 
we may assume that a = (0, 1,2,3). Since ip is transitive, 4 G supp/5; consequently, 
= {p, q, 4), where p, g G {0, 1, 2, 3} and p ^ q. Put A = and B = a'^(3a~^(3a'^. 
It follows from (P3|) (with z = 2) that A = 5; in particular, y4(4) = 5(4) and 
74(p) = B{p). A{4:) = -8(4) implies that q = \p + ll^ (|A^|4 denotes the residue of 

G N modulo 4, < |iV|4 < 3). Combining this with A{p) = B{p), we obtain 
|p + 2|4 = \p + 3|4, which is impossible. □ 

Proposition 4.4. Any non-cyclic transitive homomorphism '0: ^4 S(5) is conju- 
gate to the homomorphism ip^^^: a 1— > (1,4)(2,5), (3 1— > (3,5,4) {Ymipi^^ = A(5)). 
Moreover, ip{ai) = ipicrs)- 

Proof. It follows from Lemma that the homomorphism ip may be represented 
as a composition of the canonical epimorphism it: B4 B3 (Remark 13. 2j) with a 
non-cyclic transitive homomorphism B3 S(5); Proposition I4.ir &) completes the 
proof. □ 

Our next goal is to describe all transitive homomorphisms ip: B4 ^ S(6) that 
satisfy the condition ip{cri) 7^ ipics)- We start with some examples of such homomor- 
phisms. 

Recall that S(6) is the only symmetric group admitting outer automorphisms. Any 
such automorphism is conjugate to the automorphism x defined by 

x: ?i ^ (1, 2)(3, 4)(5, 6), 5 k-. (1, 2, 3)(4, 5), (4.3) 

where ai = (1, 2) and 5 = (1, 2, 3, 4, 5, 6) (for instance, this can be proven using Artin 
Theorem) . 

Define the following two embeddings ^,1]: S(4) -—^ S(6). The embedding ^ is just 
induced by the natural inclusion A4 = {1,2,3,4} * {1,2,3,4,5,6} = Ag. Further, 
S(4) may be regarded as the group of all isometries of the tetrahedron; thereby, S(4) 
acts naturally on the set E = Ag consisting of the 6 edges of the tetrahedron, which 
defines the embedding rj: S(4) ^ S(6). With the canonical generators = + G 
S(4), 1 < i < 3, the embedding r] looks as follows: 

r/(5i) = (1,2)(3,4), r^ia^) = (2,5)(4,6), 77(^3) = (1,4)(2,3). 

Let /X4: B4 S(4) be the canonical epimorphism and z/4 2 : B4 S(4) be the homo- 
morphism described in Artin Theorem. It is easy to check that each of the compositions 

defines a non-cyclic transitive homomorphism B4 S(6) such that ip^^icri) 7^ "04*6 (^s) 
for each i = 1, 2, 3, 4. These homomorphisms act on the canonical generators cxi, (T2, CT3 
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of B4 as follows: 

^^^l: a, ^ (1,2)(3,4)(5,6), ^ (1, 5)(2, 3)(4, 6), ^3 ^ (1, 3)(2, 4)(5, 6); 
V-giaiH-. (1,2,4,3), (1,5,4,6), ^3 (3, 4, 2, 1); 

(4.4) 

a, ^ (1,2)(3,4), ^ (2,5)(4,6), ^3 ^ (1,4)(2,3); 

ri'^^i^(4,3,2,l)(5,6), (T2H^(4,6,2,5)(1,3), ^3 ^ (1, 2, 3, 4)(5, 6). 

We shall show that any transitive homomorphism ip: B4 S(6) that satisfies the 
condition V'('^i) 7^ ^'('^s) is conjugate to one of the homomorphisms 1 < < 4. 

Lemma 4.5. Let ip: B4 ^ S(6) be a homomorphism that satisfies ai ^ a^. Then a) 
[ai] ^ [2,3]; b) [d,] + [5]; c) ^ [6]; d) [ai] ^ [3,3]. 

Proof, a) Assume that ai = C2C3, where supp C2 fl supp C3 = 0, [C2] = [2], and 
[C3] = [3]. Since [as] = [2,3] and o{g2 = a^ai, Lemma ITTI implies that 

^3 = C2CI = (^2^3)^ = al 

Since ip is non-cyclic, the latter relation shows that ^2 forms braid-like couples with ai 
andaf. Bv Lemma ITT^fwith a = 5, u = G. C. D.(g + 1, 4) = 2andz/(g-l) = 2-4 = 8), 
we have af = 1, which contradicts the property C3 ^ai. 

h) For [ai] = [5] Lemma 12.71 shows that = where g = 3 or g = 4. Hence, 
^2 forms braid-like couples with di and d\. By Lemma |2.5| either a^ = 1 or crj* = 1 
respectively; but this is impossible. 

c) Similarly, for [ffi] = [6] we obtain 0^3 = d\ and = 1, which is impossible. 

d) Assume that ai = EC, where 5, C are disjoint 3-cycles. Then Lemma 12.121 
implies that a3 = BC^ (cases (ii), {Hi) described in this lemma cannot occur here, 
because of [as] = [3,3]). Since 'ip{ai) 7^ '^/'(o's). Lemma r2.21f a) shows that 4 divides 
orda. Therefore, either [a] = [4] or [S] = [4,2]. In any case, \c?] = [2,2]. It follows 
from relation (jl.Sp that as = a^aia~^. So, either 

B = a^Ba-^ and = a^Ca~^, or B = a'^Ca''^ and = a'^Ba'^. 

However, it easy to see that this contradicts the condition [a^] = [2,2]. □ 

Proposition 4.6. Any transitive homomorphism tp: B4 ^ S(6) that satisfies ipici) 7^ 
ip{(T3) is conjugate to one of the homomorphisms ip^^^ (1 < "i < 4) defined by A4.4]) . 

Proof. Lemma [2.251 and Lemma f4. 51 show that ai has one of the following cyclic 

types: a) [ai] = [2,2,2]; b) [a,] = [4]; c) [a,] = [2,2]; d) [ai] = [4,2]. 

a) We may assume that ai = (1, 2)(3, 4)(5, 6). This permutation is odd; hence 
a = aia2a3 is also odd. Since 4 divides ordS, we have [a] = [4]; so a has precisely two 
fixed points, which cannot be in the support of a transposition that occurs above in 
ai (for ai and a generate Imip, whereas ip is transitive). Thus, up to a ai-admissible 
conjugation (i. e., a conjugation that does not change the above form of ai), we have 
Fix a = {1,4}. Since as = a^aio?^^ commutes with ai and as 7^ ai, we obtain that 

= (2,3)(5,6). It follows that (up to a ai-admissible conjugation) a = (2,5,3,6); 
so, a2 = aaia-^ = (1, 5)(2, 3)(4, 6), as = a^aia-^ = (1, 3)(2, 4)(5, 6), and ~ V'fi. 
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h) Since ai,a3 commute but do not coincide, it follows from Lemma 12.71 that 
^3 = {diY- Therefore, up to conjugation, ai = (1,2,4,3) and = (3,4,2,1). Since 
ip is transitive, we have {5,6} C suppCT2. It follows from Lemma l2. 161 that (up to a 
ai, aa-admissible conjugation) ^2 = (1,5,4,6). Thus, ip i/jIq. 

c) We may assume that ai = (1,2)(3,4). It follows from Lemma f2. 151 that (up to 
a ai-admissible conjugation) either ^2 = (1, 2)(4, 5) or ^2 = (2, 5)(4, 6). Using Lemma 
12.141 Lemma 12.151 and taking into account that 7^ o^i, we obtain that in the first 
case as = (1,2)(5,6) (which contradicts the transitivity of ip), and in the second case 
as = (1,4)(2,3). Hence ^ ~ ^. 



(3) 



4,( 



d) We may assume that ai = (4,3,2, 1)(5,6). Since ai, commute but do not 
coincide. Lemma (4.51 implies that ^3 = (1, 2, 3, 4)(5, 6). All (1 < i < 3) are even; 
so a is even too; since 4 divides ordo?, we see that [a] = [4,2]; hence [a^] = [2,2]. 
Since ip is transitive, the transposition T ^ a cannot coincide with (5,6). Therefore, 
it follows from the relation 0^3 = a^aio?"^ that a^|{5,6} = (5,6) and (up to a ai, as- 
admissible conjugation) a^|{l,2,3,4} = (1,3). So, = (1,3)(5,6). Since [a] = [4,2], 
it follows that a = (2, 4)(5, 1, 6, 3) (up to conjugation of the above type). Thereby, 
a2 = aaia^^ = (2, 5, 4, 6)(1, 3) and ip ~ ip^l- □ 

Proposition 4.7. Any non-cyclic transitive honiomorphisni ip: S(6) is either 

conjugate to one of the homomorphisms i/j^^q (1 < « < 4) defined by ()3.4|) or conjugate 
to one of the compositions 

V'«ovr:i?4^i?3^S(6), 

where n: B4 — »• is the canonical epimorphism and ipl^\ (1 < ^ < 7) are the 
homomorphisms exhibited in Proposition I4.lf c) . 

Proof. In what follows we use the generators u, v, w, and Ci of the commutator 
subgroup i?4 described in (I1.15p . Proposition 14.61 covers the case when ip{ai) 7^ ^'(c's)- 
If ipi^i) = ''Pi^s)^ then hata-^ai^ = 1, so that the element Ci = a^ai^ G Ker ^ 
Hence the element w = uciu~^ (see 11.161) ^l^o is in Ker ip. Since the kernel T of vr is 
generated by Ci and w (see Gorin-Lin Theorem (c) and Remark 13. 2j) . it follows that 
Kervr = T C Ker ip. Therefore, there exists a homomorphism ips^: -B3 S(6) such 
that Ip = ipsfi o 71. Clearly, ip^^ must be non-cyclic and transitive; Proposition 14. li e) 
completes the proof. □ 

Remark 4.8. The homomorphism iplg is conjugate (by (1, 3, 2)(5, 6)) to the homo- 
morphism i/g that is defined as follows. Let Uq he the restriction of Artin's homomor- 
phism uq-. Bq ^ S(6) to -Bg. The mapping of the generators a^ 1-^ q = ^ Bq, 
i = 1,2, 3, extends to an embedding X'^: B4 "—>■ B'^ fRemark ll.llI) . The homomorphism 
v'q is the composition of Ag with z/g. 

Remark 4.9. The trivial embedding S(5) ^ S(6) is of little moment. However, 
its composition with the outer automorphism x of S(6) is more interesting. This 
composition can be also described as follows. It is well known that A(5) may be 
regarded as the group of all rotations of the icosahedron. In particular A (5) acts on 
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the set LD = Ag of all the 6 "long diagonals" of the icosahedron. This action of A(5) 
on Ag extends to an action of S(5), which leads to an embedding 05 6: S(5) S(6). 
In terms of the generators = (i, i + 1) G S(5), 1 < i < 4, it looks as follows: 

r5iK^(l,2)(3,4)(5,6), ?2^^(1,5)(2,3)(4,6), 

'^'''^ 153^(1,3)(2,4)(5,6), ?4^(1,2)(3,5)(4,6). ^ ' ^ 

Of course, it is easy to check directly that these formulae indeed define a group homo- 
morphism, which is certainly transitive and non-abelian, and therefore faithful (since 
S(5) does not possesses proper non-abelian quotient groups). Hence the composition 

^^5,6 = 05,6 o /i5 : S5 ^ S(5) ^ S(6) (4.6) 

is a non-cyclic transitive homomorphism with Kerip^fi = PB^ and Imip^^ = S(5). It 
is easily seen that ip^^ coincides with the composition 

V's.e = 1^6 o j| -.B.^Be^ S(6), (4.7) 
where j^: B^ 3 cXi ^ ai E Bq, 1 < ^ < 4, and is Art in 's homomorphism. 

Proposition 4.10. Any non-cyclic transitive homomorphism ip: B^, S{6) is conju- 
gate to the homomorphism ifj^^ defined by \4.5}) . \4.b]) (or by \4.7}) . which is the same). 
In particular, Ker^ = P-B5 and Imip = S(5). 

Proof. Since 3 = 6/2 is prime, Lemma f2.24r c) implies that the cyclic decompo- 
sition of CTi cannot contain a cycle of length > 3. Lemma f2.25f a) eliminates the case 
[ai] = [2]. The non-commuting permutations 0^3, commute with ai. On the other 
hand, any two permutations of cyclic type [2, 2] supported on the same 4 points com- 
mute; therefore. Lemma f2. 121 eliminates the case [ai] = [2,2]. Thus, the only possible 
case is [ai] = [2,2,2]. Two distinct permutations of this cyclic type in S(6) commute 
if and only if they have precisely one common transposition. Therefore, without loss 
of generality, we may assume that 

ai = (1,2)(3,4)(5,6), = (1, 3)(2, 4)(5, 6). (4.8) 

By the same reason, has one common transposition with ai but not with a^; this 
common transposition may be either (1,2) or (3,4). The renumbering of the symbols 
1 3, 2^4 takes each of these cases into another one and does not change 
the forms ()4.8|) : so we may assume that this common transposition is (1,2). Since 
0^4 has no common transpositions with we have either = (1, 2) (3, 5) (4, 6) or 
^4 = (1, 2)(3, 6)(4, 5). The second case can be obtain from the first one by 5 ^ 6, 
which does not change the forms ()4.8|) : hence we may assume that 

a4 = (l,2)(3,5)(4,6). (4.9) 

An argument of the same kind shows that ^2 must contain a single common trans- 
position with ^4, but not with ai and ^3. Each of the transpositions (1,2), (3,4), 
(5,6), (1,3), (2,4) is contained in ai or in ^3; hence either ^2 = (1, 5)(2, 3)(4, 6) or 
^2 = (1, 4)(2, 6)(3, 5). However, the second case may be obtained from the first one 
by 1 2, 3 4, 5 <=^ 6, which does not change the forms (j4.8j) . (j4.9j) . This shows 
that ^ 4'5e- n 
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5. Retractions of homomorphisms and cohomology 



Our aim is to study liomomorphisms ip: Bk ^ S(n) up to conjugation. In this 
section we develop an approach to this problem. In general terms, this approach may 
be described as follows. 

Let 2 < r < n and let (tr be the r-component of ai = iplai), i. e., the set 
of all r-cycles that occur in the cyclic decomposition of ai (see Definition 11.31 (b)). 
Since ai = il>{<Ji) with 3 < i < /c — 1 commute with ai, all r-cycles C[ = aiCa~^ 
{3 < i < k — 1) also belong to C^- Thereby we obtain an action of Bk_2 on C^, that 
is, a homomorphism Q^: -Bfc-2 ^ S(Cr)- Since t^C^ < n/r < n/2, the homomorphism 

is "simpler" than ip and we may hope to "recognize" first and then handle ip 



5.1. Components and corresponding exact sequences. We denote by 
the conjugacy class of a homomorphism ip G Hom(i?fc, S(n)); that is, ip' G {ip} if and 
only iiip' ip. Recall that for any r > 2 the r-component € = €r{A) of a permutation 
A G S(n) is the set of all the r-cycles that occur in the cyclic decomposition of A 
(see Definition II. 3p . For natural numbers r,t (2 < r < n, t < n/r), we denote by 
B.omr^t{Bk, S(n)) the subset of Hom(i?fc, S(n)) consisting of all homomorphisms ip that 
satisfy the following condition: 

(!) the permutation ai = ipi'^i) ^ S(n) has an r-coniponent €. of length t. 

Let ip ^ Homr,t(-Bfc, S(n)) and let £ = {Ci, ...,Ct} be the r-component of the 
permutation ai = ip{ai) (so, Ci, ...,Ct are disjoint r-cycles). The union 



of the supports = supp Cm of all the cycles Cm is called the support of the r- 
component we denote this set S also by supp C 

A homomorphism ip G Hom^ j(i?,fc, S(ri)) is said to be normalized if 

S = supp € = {1,2,..., tr}, £ = {Ci, a}, 
(!!) Cm = ((m- — + 1, (m — l)r + 2, . . . , mr), m = 1, . . . ,t, and 
^(ai)|S = Ci---a. 

The following two statements are evident: 

Claim 1. If ip E Homr^j(i?,fc, S(n)), then {ip} C Homr^t(i?fc, S(n)) and tiie class {ip} 
contains at least one normalized homomorphism. Two normalized homomorphisms 
ip,ip E B.omr^t{Bk, S(n)) are conjugate if and only if there is a permutation s G S(n) 
such that the set S = supp € = {1, 2, . . . , tr} is 's-invariant and 



itself. 



S = supp (t 




supp Cm C supp ai C A„ = {1, . . . , n} 



m=l 



ip{b) = sip{b)s 



for all b G -Bfc 



and 



s-Ci---CfS 



S ■ ^/'(cri)|S ■ S 



^(ai)|S = Ci---a. 



(5.1) 



□ 
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Claim 2. To classify the homomorphisms of the class B.omr^t{Bk,S{n)) up to con- 
jugation, it is sufficient to classify the normalized homomorphisms of this class up to 
conjugation by permutations s that satisfy i\5.1\i . Such permutations s form a subgroup 
G C S(n) that coincides with the centralizer C(C, S{n)) of the element C = Ci ■ ■ ■ Ct 
in S(n). This subgroup G is naturally isomorphic to the direct product G x S(S'), 
where G = C(C, S(S)) is the centralizer of the element C in the symmetric group 
S(S) = S(rt) and S(S') is the symmetric group of the complement E' = A„ \ S. □ 

We denote hj H = (^jr'Ef the abelian subgroup of the symmetric group S(S) gen- 
erated by the r-cycles Ci, ...,Ct defined in (!!); in particular, H contains the product 
C = C\ - ■ - Ct and therefore H d G. Clearly, H is an abelian normal subgroup in 
G, and the quotient group G/H is isomorphic to the symmetric group S(CC) = S(t) 
permuting the cycles Ci, C^. Thereby, we obtain the exact sequence 

l^H ^G^ S{t) 1, (5.2) 

where vr is the natural projection onto the quotient group; in fact, this projection vr 
may be described explicitly as follows. Since any element g E G commutes with the 
element C = Gi ■ ■ ■ Ct, we have 

Ci---Ct = g -Ci-'-Cf g'^ = gC^g-^ ■ ■ ■ gCg'^ for any g e G, 

where Ci, . . . ,Ct are disjoint r-cycles as well as gCig^^, . . . , gCtg^^. Hence there is 
a unique permutation s = Sg E S(t) such that gCmg^^ = Cs(m) for all m; clearly, 
^{g) = Sg. 

Lemma 5.1. The exact sequence (j5.2|) splits, that is, there exists a homomorphism 
p: S(t) — > G such that n o p = ids(f). In fact, the group G is the semi-direct product 
of the groups H and S{t) defined by the natural action of the symmetric group S(t) 
on the direct product (Z/rZ)*. 

Proof. For any element s G S(t), define the permutation p{s) G S(S) by 

p(s)((m — l)r + q) = (s(m) — l)r + q {1 < rri < t, 1 < q < r); (5.3) 

thereby, we obtain the homomorphism 

p: S{t) 3 s^p{s) G S(S). 

Using the explicit forms of the cycles Ci, ...,Ct (see (!!)), it is easy to check that for 
any m = 1, . . . ,t and any s G S{t) 

p{s)CrrAsy^ = Cs(m), (5.4) 

which implies p(s)Cp(s)~^ = C. So, p{s) G G and hence p may be considered as a 
homomorphism from S{t) to G. It follows from (|5.4j) and the above description of tt 
that vr o p = ids(t). □ 

From now on, we fix the splitting p: S(t) — G C S(S) defined bv l5.31 
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5.2. Retractions of homomorphisms to components. In what follows, we fix 
a normalized homomorphism ip G Hom^^tl-Bfe, S(n)). and put aj = ip{(Ji), 1 < i < k — 1. 
We work with the r-component £ = {Ci, Ct} of the permutation ai keeping in mind 
the particular forms of the r-cycles Ci, ...,Ct exhibited in condition (!!). 

Relations ()1.5|) show that aj = a^~^aia~^^~^^ for any j = 1, . . . , k — 1 (as usual, 
a = ?! ■ ■ ■ For any natural numbers q, m such that 1 < g < fc — 1 and 1 < m < t, 

we put 

C-W = = {C[''\ . . . , Cl"^}. (5.5) 

Clearly, Cm = Cm for each m = l,...t, and (t^^^ = (t; moreover, the set CC*^'^^ = 
{C[''\ . . . ,C^'^^} coincides with the r-component ^ri^q) of the permutation a^, and 
formulae ()5.5p provide the marked identifications 

3,: C(a,) = = At and Zq- S(C:,(a,)) = S(C(^)) = S(t). (5.6) 

In what follows, we always have in mind these identihcations. 
Put 

E(^) = suppC(?) = a'^-'isnppCm); 

clearly, 

i 

suppC(?g) = suppC^*?) = S^") = S(C:('?)) = S''-i(suppC) = y C A*. 

m=l 

The set S^''^ is invariant under all the permutations aj, j ^ g — l,g + 1 (for each 
of them commutes with a^). By the same reason, for any j 7^ g — + l and any 
m = 1, . . . , t, the r-cycle 

cM) = d- . c^^) ■ 

occurs in the cyclic decomposition of ag, and therefore Cm coincides with one of the 
cycles C[''\ . . . , Cj:'^\ Thereby, for each j G {1, . . . , /c — 1}, j 7^ g — 1, g + 1, the 
correspondence 

^m ^ ^m = ^3 ' ' ^j^ ^ m = 1, . . . , t, 

gives rise to the permutation g^'^^ G S(C^''^) = S(t), and we obtain the correspondence 

a, ^ Qf G S(C:W) ^ Sit), J G {1, . . . , - 1}, g - 1, g + 1, (5.7) 

such that 

■ C!;^^ ■ = flK^^i^^) = Ci'\ s = Q]{m). (5.8) 
It is convenient to introduce some special notations for some of the above objects 
corresponding to the values g = 1 and q = k — 1. Namely, we put 

^i = s!+2 and ^* = gf-^) for i = 1, . . . , - 3, 

Cm — ^m and = for m = 1, . . . , t, 

and 

r = c^'^-^) = {c*, c* = c* ■ • -c;, s* = s^'^-i) = suppr. (5.10) 
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We should also keep in mind that 

Cm = \ C = Ci ■ ■ ■ Ct 



iE = {C,,...,Ct} 
S^^) = supp £. 



The construction of Sec. 15.11 applies also to the r-cycles C^, . . . ,C^. Namely, we 
denote by G* the centralizer of the element C* = ■ ■ ■ in S(S*), and denote 
by H* = (Z/rZ)* the abelian normal subgroup in G* generated by all the r-cycles 
C^, Then G*/H* = S{€.*) = S(t), and we obtain the exact sequence 



1 



H* G* 



Sit) 



1. 



(5.11) 



The projection n* may be described as follows. Any element g & G* commutes with 
the product C* = C* ■ ■ ■ Q, and thus 



Gl 



g; 



g-Gl---Gl-g-' = gGlg-'---gGlg-\ 



Since C^, . . . , and also gG\g~^ , . . . , gG^g'^ are disjoint r-cycles, there is a unique 
permutation s* = s* G S(t) such that gG^g~^ = C*,^.^^ for all m; we put n*{g) = s*. 
The following statement follows immediately from our definitions: 

Claim 3. The conjugation by the element o?'^"^ = ilj{a''~'^), 

: Sin) a^-^ ■ A ■ a-^^-^^ E S(n), 

provides the commutative diagram 



H 



G 



H* 



G* - 



Sit) 

id 

Sit) 



iGD[r,t;^]) 



The upper hne of this diagram (the exact sequence ()5.2j) ) is universal for all normalized 
homomorphisms ip G Homj-^tiBk, S(n)), while the lower line (the exact sequence ()5.11|) ) 
and the vertical isomorphisms may depend on ip. □ 

As we know, a'' is a central element in (see (II. 8|) or Sec. II. 6^ : this implies some 
useful relations between the permutations g^'^^ (with various q,j) defined by (j5.7p . (j5.8|) . 

Lemma 5.2. a) If 1 < q < k ~ 3 then 



(k-l) 
dj-q-1 



for q + 2<j<k-l. 



(5.12) 



b) If 3<q<k-l then 



In particular 



gj+k-q-1 for I < j < q-2. 
gj for I < j < k — 3. 



3j+2 



(5.13) 
(5.14) 
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Proof, a) Take any m G {1, t} and any q,j such that 1 < q < k — 3, q + 2 < 
j < k — 1, and put s = of^m). It follows from and ()5.8j) that 



(5.15) 



Since commutes with any element in Yvnip, we have 



and thus 

a-a^-i = • a^-\ (5.16) 

Relations (j5.15j) . (j5.16j) and (j5.5p (the latter one with q = k — 1) show that 

= ■ a'^-^ ■ Cm . • (5.17) 

According to (j5.8p (with q = k — 1 and j — g — 1 instead of j), we have 

^.-.-1 ■ C^i'-^^ ■ ^A-i = 0^/-! (^^'"'0 = where = 0f_;i\(m); 

thus, ()5.17|) can be written as 

f5 18) 

where 

It follows from ()5.18p that s = s', and thus Qf\m) = dfiq^lii'm). The latter relation 

holds for any m G {1, which means that g^^'' = gf-qli = gj-q-i- 

h) For any q = 3, . . . ,k — 1, any j = 1, . . . , g — 2 and every m = 1, . . . , t we have: 

= dj ■ ■ = d.a''-^ ■ Cm ■ a-^'-^^dj^ 

= a'^-'a'-'^+%a-'-'-'+'^ ■ Cm ■ a'~'^+%'a-'^'~''+^'>a-'^'-'^ 

= a'^-'a.+k-q+i ■ Cm ■ ^J+k-q+i^~^'~'^ = " Cs' " a"^'~'^ = Cf, 

where s = gfim) and s' = gflk-g+iim). Conseq uently , g'f^ = gj+fe^g+i = 9j+k-q+i- 
Using the latter relations for g = A; — 1, we obtain ()5.14|) . □ 

5.3. Homomorphism Q relatad to an r-component € = {Ci, ...,Ct}. As 
above, we deal with a fixed homomorphism ip: Bk —>■ S{n) and a certain r-component 
C = {Ci, Ct} of the permutation ai = 'ipio'i); we keep the notation of the previous 
subsection. Moreover, we assume that A; > 3 and denote by Si, ...,Sk-3 the canonical 
generators of the braid group Bk^2- 



(5.21) 
(5.22) 
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Consider the homomorphisms 

0: Bk-2^S{n), (f){si) = V'((7i+2) = , (5.19) 
0* : Bk_2 S(n), 0*(s,) = ^(a,) = a, , (5.20) 
where i = I, — 3. According to ()5.7|) . ()5.8|) . we have: 

0(s,) ■ C„ ■ 0(s,)-i = a,+2 • ■ = sSiUci'^) 

= C*!^^ = Cg^(„,), s = Q\%{m) = gi{m), 

for any i = 1, . . . , k — 3. 

The image of is generated by the permutations aj, 3 < j < k — 1; since any such 
aj commutes with ai , Lemma 12.71 imphes that the set S = supp d is invariant under 
the subgroup Im0 C S(n). Similarly, Im0* is generated by the permutations aj, 
1 < J < ^~3, and the set S* = supp €* is invariant under the subgroup Im0* C S(n). 

Let 

if^ : ^ S(S) and : 5^.2 ^ S(S*) (5.23) 

be the reductions of the homomorphisms and 0* to the invariant sets S and S*, 
respectively (see Definition [Of d)). That is, 

^Psisi) =0(si)|E =V'(cri+2)|s =S'i+2|s, (5.24) 

V5**(si) = 0*(si)|s* = ^(o-i)ls* =5'i|s* (5.25) 

{i = 1, k - 3). It follows from SFTTJ^ . ^FTT^ that 

VP^(si) ■^^.(^^(si)-^ = Cg^(^) (5.26) 

and 

^lM)■C*^■vl{s^r' = C;,^^^ (5.27) 
for all m = 1, . . . , t and alH = 1, . . . , A; — 3, and thus 

<f^{si) - c -if^isiy^ = c, flAsi) -c* ■ ^lA^iy^ = c*. 

Therefore, 

Im(^, CG, Im<^*, CG*, 
which means that ip^ and y^*^ may he regarded as homomorphisms from Bk_2 into the 
groups G and G* respectively. 

Relations (j5.26j) . (j5.27|) and the definitions of the projection vr, tt* show that 

n{(p^{si)) = Qi and 7r*{if*^^{si)) = g* for all i = 1, A; - 3. (5.28) 
Consider the compositions 

n = noip^: Bk-2 G ^ S(t) (5.29) 

and 

= vr*o(^*^: 5fe„2 — ^S(t). (5.30) 
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The following simple lemma is in fact very important for us. 
Lemma 5.3. a) The homomorphisms 

n-. Bk-2 S(t) and n* : Bk-2 ^ S{t) 

coincide. 

b) All the permutations q^''^ ^ q ^ k — 1; j ^ q — 1, q, q + 1) are conjugate to each 
other. 

Proof, a) Formulae (IE2H1), dESHI), and (jOn|l show that fi(si) = gi and n*{si) = g* 
for alH = 1, . . . , — 3. According to Lemma f5.2r &) (see ()5.14|l ). g^ = g* for all such i. 
Consequently, Q = Q*. 

b) Lemma [5.21 implies that for 1 < q < k — 1 and j q — l,q,q+l the permutation 
Q^^^ coincides either with some gi or with some g*. Since the latter permutations 
coincide with fi(sj) and the canonical generators are conjugate to each other, all 
the permutations g^^'' are pairwise conjugate. □ 

Definition 5.4. The homomorphism Q: Bk-2 S(t) defined by formulae ()5.19p . 
()5.23|) . ()5.24|1 and ()5.29|1 is called the retraction of the original normalized homomor- 
phism ip G Hom.r^f(5jt, S(n)) (to an r-component C of CTi). According to Lemma (5. 3[ 
Q coincides with the co-retraction Q* of ip defined by formulae (j5.2(Jj) . (j5.23|) . (j5.25p 
and 

Since the set S = supp € is (Im0)-invariant, its complement E' = A„\S is also (Imc/))- 
invariant, and we can consider the reduction (p^, : Bk-2 S(I]') of the homomorphism 
^ to S': 

V?j,,(si) = 0(si)|E/ = ?/'(ai+2)|S' = ai+2|S', i = l,...,k-3. (5.31) 

Lemma 5.5. Assume that k > 6 and that the homomorphism ip is non-cyclic. If the 
homomorphism ip^, is abelian, then the homomorphisms 0, (f^ and Q are non-abelian. 

Proof. If is abelian, then it is cyclic and ^(ss) = 0(54) (fc — 2 > 4). So 
i'icr^) = ipio'e), contradicting the assumption that is non-cyclic. 

Since S and S' are disjoint, is the disjoint product of the reductions ip^ and ip^,. 
Since (p^, is abelian and we have already proved that (p is non-abelian, ip^ must be 
non-abelian. 

Finally, assume that the homomorphism ^1 = 7101^^ is abelian. Then 

(7ro^J(5^_2) = {l}, that is, v,{B',_,)CKeT7i = H. (5.32) 

Since — 2 > 4, the group i^fc_2 is perfect. On the other hand, the group H is abelian. 
Hence ()5.32p implies that (p^{B'^_2) = {!}; this means that the homomorphism (p^ is 
abelian, which contradicts the statement proven above. □ 

The construction described above provides us with the universal exact sequence (|5.2p 
with the fixed splitting p. This sequence and the homomorphisms (p^ and Q defined 
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by (j5.24j) . (j5.32j) form the commutative diagram 




(5.33) 



Sit) 



1 



The homomorphism ip^ defined by ^^{si) = '?/'((Tj+2)|S, 1 < i < A; — 3 (see (j5.19p and 
(|5.24j) ). keeps a lot of information on the original normalized homomorphism ip. Hence 
it seems reasonable to find out to which extent we can recover the homomorphism ip^ 
if we know the homomorphism Q. 

Remark 5.6. Let us clarify the actual nature of this problem. 

We are interested to classify (as far as possible) homomorphisms B^. S(n) up to 
conjugation. If the permutation ai corresponding to such a homomorphism ip has an 
r-component of length t, then, without loss of generality, we may assume that ip is 
normalized. So, we have diagram ()5.33|) corresponding to this Suppose that we can 
somehow find out what is the homomorphism ip^. Then we know all the restrictions 
'?/'((T3)|S, . . . , '?/'((Tfe_i)|S. This would provide us with an essential (and in some cases 
even sufficient) information to determine the homomorphism ip itself. The knowledge 
of all these restrictions is certainly the best possible result, which we may hope to get 
by studying diagram ()5.33|) . 

Unfortunately, if ip is unknown to us, then we know neither Q nor (f^ in diagram 

A reassuring circumstance is, however, that k — 2<k and t < n/r < n. Hence we may 
suppose that we succeeded in classifying the homomorphisms Bk_2 — > S{t) up to con- 
jugation, meaning that we have a finite list of pairwise nonconjugate homomorphisms 
Vtp-. Bk-2 — * S(t) {p = 1,...,N) such that any Q G Hom(_Bfc_2) S(t)) is conjugate to 
one of f2p's. Moreover, suppose that for each Qp we have classified up to conjugation 
the homomorphisms Bk-2 —>■ G satisfying the commutativity condition tto^ = Qp. 
If so, then for any p = 1, ...,N we have a finite list {^p,qp\ I < Qp < Mp} of the pairwise 
nonconjugate representatives, and any ^ G B.om[Bk-2, G) that satisfies tc o (p = Qp is 
conjugate to one of ^p,gp- 

Furthermore, let ip^ and fl be the homomorphisms related to our (unknown) nor- 
malized homomorphism ip G B.omr^t{Bk,S{n)). Then Q = sQpS~^ for some p and 
some s G S{t). Using the splitting p, define the homomorphism -Bfc_2 — > G by 
$ = p{s~^)(pY,p{s). It is easily seen that there are an element g E G and an index q 
(1 < ? < Mp) such that (p = gfpp^g^^. Since the element g = p{s)g G G C S(S) C 
S{n), we can define the homomorphism 

i): Bk^ S(n), i) = g'^ipg = g'^pi-s^'^) ■ ip ■ p{s)g. 
The condition g E G means that gCg^^ = C; therefore, 

ijj is a normalized homomorphism in B.omr^t{Bk, S{n)) conjugate to our original homo- 
morphism ip. 
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Let ip^ and Vt be the homomorphisms related to this homomorphism then vroyj^ = Vt. 

The set S = supp C is '?/'((Tj+2)-invariant (for any i, 1 < « < A; — 2), and (by definition) 
the permutation ^^{si) coincides with the permutation 

ij{ai+2)\^ = g'^ ■ (^(CTi+2)|S) ■g = g-^p{s'^) -^^{si) ■ p{s)g 

= g-^ ■ <P{si) ■ g = g~^g ■ <Pp,q{si) ■ g'^g = <Pp,g{si), 

which means that ■?/'((Tj+2)|S = (Pp^q{si) and ip^ = (Pp^g. These observations lead to 
the following 

Declaration. Suppose that we solved the above mentioned classification problems for 
homomorphisms -Ba;-2 S(t) and -Bfc_2 ^ G. Hence we have the list of representatives 
{$p^q}. Then, without loss of generality, we may assume that the homomorphism i/j 
(which we want to identify up to conjugation), besides the normalization condition 
(!!), satisfies for some p, q the condition 

(!!!) = <PpAsi) for alM, 1 <z < A;-3. Q 

We have almost nothing to say about the first classification problem. If fact, this 
is the same problem which we started with, but rather easier (since t < n/2); in some 
cases it can be solved, indeed. For instance, if 7^ 6 and n < 2k — A then t < k — 2 
and any homomorphism Vt: Bk_2 ^{t) is cyclic ( Theorem 13 . 1 T a ) ) : this puts a strict 
restriction to the original homomorphism ip. 

As to the second problem, it is as follows: 
Problem 5.7. Given exact sequence (j5.2p and a homomorphism 

n-. Bk-2^s{t), 

find (up to conjugation) all the homomorphisms Bk_2 ^ G that satisfy the com- 
mutativity relation tt o $ = Q. 

We postpone the study of this problem to IHl since we need first to develop an 
adequate tool; the next subsection is devoted to this task. 

5.4. Homomorphisms and cohomology. In this section we consider a diagram 
of the form 

B 

(5.34) 

1 H •- G — — S 1 , 

where all the groups and all the homomorphisms are given, and the horizontal line is 
an exact sequence with some fixed splitting homomorphism 

p: S ^ G, TT o p = ids ■ (5.35) 

Moreover, we assume that H is an ahelian group and identify this group with its image 
under the given embedding H ^ G. 
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Definition 5.8. a) Q-homomorphisms. A homomorphism (l>: B ^ G is said to 
be an Q-homomorphism, if it o (p = Q. The set of all n-homomorphisms is denoted by 
Homn(5,G). 

b) The S- and B-actions on H and the corresponding cohomology ^. We 

consider the composition 

£ = e^ = pon-. B ^ S ^G, 7roe = n, (5.36) 

and define the left actions r and T = of the groups 5* and B respectively, on the 
group H by 

T,{h) = pis) ■ h ■ pis), nih) = Tnib)ih) = eib) ■ h ■ eib-^). (5.37) 

A mapping z: B ^ H with z(l) = 1 is called a 1-cochain on B with values in H. A 
1-cochain z is a 1-cocycle if its 1-coboundary 6qZ: B x B —>■ H is trivial, that is, if 

(4^) (6i, 62) = [TbAh)] ■ [zibib^)]-' ■ zib,) = 1 for all 61, 62 G B. (5.38) 

The group of all 1-cocycles is denoted by Z}^iB,H). The subgroup B^iB,!!) C 
Z}^iB,H) consists of all 0-coboundaries, that is, a 1-cocycle z: B ^ H belongs to 
BiiB,H) if and only if 

• there is an element h E H such that 

zib) = (5° /i) ib) = ink) ■ h-^ for all b e B. (5.39) 

The cohomology group H^iB, H) is defined by 

H'^iB,H)=Zl,iB,H)/BUB,H). 

For any fi-homomorphism B ^ G, define the mapping 

z^: B -^G, z^b) = $ib)eib-^), (5.40) 

and vice versa, for any 1-cocycle z G Z^iB, H), define the mapping 

<P,:B^G, ip^ib) = zib)eib). (5.41) 

O 

The following simple lemma seems very well known; however, I could not find it in 
standard textbooks in homological algebra. 

Lemma 5.9. a) The mapping z^,: B ^ G defined by (15.40)) is, in fact, a 1-cocycle of 
the group B with values in H. 

b) The mapping $z'- B ^ G defined by ()5.41|) is an fl-homomorphism, and, besides, 
the 1-cocycle z^ corresponding to this Q-homomorphism $ = i^l^ statement (a)) 
coincides with the original 1-cocycle z. 



'^Whenever the exact sequence 1 ^ H ^ G S ^ \ with the sphtting p: S ^ G m diagram 
H5.34|l is given, the homomorphism e = en and the action T ~ Tfi defined by H5.36|l . (|5.37|l are 
determined by the homomorphism il. Therefore in our notation of the groups and homomorphisms 
related to the corresponding cohomology we use the sign of the homomorphism 51 instead of the 
traditional usage of the sign of an action. 
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Thereby, formulae i\5.4()\) . i\5.41\) define the two (mutually inverse) one-to-one cor- 
respondence 

Zi{B, H)3z^<P,e Homn(5, G), Romn{B, G) 3 <P ^ e Z^iB, H). (5.42) 

Proof, a) Since 7ro$ = J7 = 7ro£:, we have n {z${h)) = n{<P{b)) (vr o e) (b^^) = 
Q{b)9.{b'^) = 1, and thus z^{b) e Kervr = H; moreover, Zcp{l) = <P{l)e{l) = 1. So, 
we can reerard l-cochain of the group B with values in H. Further, 

{6liZcp) {bi, 62) = [Tb^z^. (&2)] ■ [z<p {bib2)]~^ ■ Zci>{bi) 

= Tb, [^(62) • e (62 1)] X (6162) ■ e ((&1&2)"')] ' X [<P (bi) ■ s {b^')] 

= e ib^) ■ <P (62) • e {b,') ■ e {b^') x [<P (6162) ■ s ((6162)"')] ' x [<P{b^) ■ e (6r')] 

= e{b,)<P{b,)e (62 1) e [b^') e{b{)e{b2)<P [b,') <P {b^') <P{br)e [b^^) = 1, 

which shows that z,^ is a 1-cocycle. 

b) Since z is a 1-cocycle, {5}iz) (61, 62) = 1 for all 61, 62 G -B, which means that 
e{bi)z{b2)e (&r^) ' [^(^1^2)]^^ ■ -2(^1) = 1- Since H is abelian, the latter relation may be 
written as 

zib^b^) = z{b{)e{bi)z{b2)e (6r') ; 

hence, 

^.(&i&2) = z{b^b2)e{b,b2) 

= z{bi)e{bi)z{b2)e {b^') e{bib2) = z{bi)e{bi)z{b2)e{b2) = <PM^M, 

which shows that (f>z'. B G is a group homomorphism. Moreover, z{b) E H = Ker tt 
for any be B, and vroe = VL] thus, TT{^z{b)) = Tc{z{b)e{b)) = TT{z{b))Tc{£{b)) = il{b) and 
$z is an f2- homomorphism. Finally, applying ()5.40|) to the fi-homomorphism <P = $z 
and using ()5.41|) . we have 

z^{b) = $(b)e (r^) = <P,{b)e [b-^) = z{b)e{b) ■ e [b'^) = z{b), 

which concludes the proof. □ 

Our immediate goal is to study f2-homomorphisms i? — > G up to conjugation. In 
view of the previous lemma, it is useful to find out the binary relation in Z^{B,H) 
corresponding to the conjugacy relation "~" for f2-homomorphisms. The optimistic 
expectation that the equivalent cycles must be in the same cohomology class is not very 
far from the truth. Actually, it is so under some simple and soft additional restriction 
on Q. 

Definition 5.10. Two fi-homomorphisms (f>i,(f>2: B ^ G are called H-conjugate, if 
there exists an element h E H such that 

<p2{b) = h ■ <Pi{b) ■ h-^ (5.43) 

for all b E B. If the latter condition holds, we write $1 ^ $2- 
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Clearly, ^ is an equivalence relation on the set }iomQ{B,G), which is stronger 
than the usual conjugacy relation ~ (that is, ~ $2 implies ~ <?2)- There 
is the following evident inclusion involving the centralizers: 7r{C('7r~^(Imf2), G)} C 
C{lmQ, S). In general, this inclusion may be strict; however, if 

(z) C(Imf2, 5") = {1}, that is, the centralizer of the subgroup fl{B) C S in S is 
trivial (for instance, Q is surjective, and the center of S is trivial) 

or the group G is abelian, then we have 

n{C{7i-\lmQ),G)} = C{'^Q,S). (5.44) 

Proposition 5.11. Let ^1,^2- B ^ G he two Q-homoniorphisms, and let Zi = z.^^, 
Z2 = z^^ be the corresponding 1-cocycles. 

a) The relation <Pi ^ ^2 holds if and only if Z\z'2^ E Bq{B,H). Thus, the set of 
the ^-equivalence classes of Q-honioniorphisnis is in natural one-to-one correspondence 
with the cohoniology group H^{B, H). 

b) Assume that condition l\5.44]) is held. Then the relations $1 ~ $2 cLnd <Pi ~ $2 
are equivalent, and the set of the classes of conjugate Q-honiomorphisms B —>■ G is in 
natural one-to-one correspondence with the cohoniology group H^{B, H). 

Proof, a) First, assume that ^1 $2] so, for some h E H, we have 
<p2{h) = h ■ <Pi{h) ■ h-^ ioiaWheB. 
According to (j5.4Up . Zi{b) = <Pi{b)e{b~^), 2:2(6) = h-<Pi{b) ■ ■ e{b'^). Consequently, 



z,ib){z2ib))'' = [<P,ib) ■ e {b-')] ■ [h-<P,{b)-h-'-6{b-')]-' 

= [^i{b) ■ e ib-^)] ■ [e{b) ■h-<Pi (r^) ■ h-^] (5.45) 

= [<P^{b) . e (r^)] ■ [e{b) -h-e (r^)] ■ [e{b) ■ (r^)] ■ [h-\ 

The four expressions in the brackets in the third line of ()5.45|) belong to the abelian 
normal subgroup H < G, and the first and the third of them are mutually inverse; 
hence, 

zi{b){z2{b))-^ = [e{b) -h-e (r^)] ■ /i"^ = (T^/i) • h'^ = (6) for all b G B, 

and ziZ2^ E Bl^{B,H). 

Now, let -21-2^^ G Bq{B,H). Then there is an element h E H such that for all 
bEB 

zi{b) ■ [Z2{b)r' = i^lh) (b) = inh) ■ h-' = [eib) -h-e {b~')] ■ h'K (5.46) 
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By ()5.4H) . (l>j{b) = Zj{b)e{b), j = 1,2. Using ()5.4fi|) and commutativity of H, we have 
<P2{b) -[h-^, {b-') ■ h-'] = [Z2ib)6ib)] -[h-e (6-1) iz,{b))-' ■ h-'] 

= Z2{b)-[eib)-h-e{b-')]-iz^{b))-'-h-' 

= [z2{b) {z^ib))-'] ■ [sib) ■ h ■ e {b-') ■ h-'] 

= z^mziib))-' ■ z^mz^ib))-' = 1; 

so, (^2(6) = h-<Pi{b) ■ for all 6 G 5 and <Pi <p2. 

b) In view of (a), we should only prove that (under condition 15 .441) <Pi ~ <p2 implies 
$1 ~ <p2- The relation $1 ~ $2 means that there exists an element g & G such that 
^2(6) = g ■ $i{b) ■ g~^ for all b & B. Since $1 and $2 are i7-homomorphisms, we have 

n{b) = (7roc?2)(6) = 7r[g- <P^{b) ■ g-'] ='n{g)- {n o<P,){b) ■ nig-') = n{g)-m-A9'') 

for all b E B; thus, TT{g) G C(Imr2, S). It follows from ()5.44p that there is an element 
g G C{TT-'{lmQ) , G) such that irCg) = 7T{g)] clearly, the element h = gg~' is in H. 
The element g commutes with any element of the subgroup 7r~^(Imf2). This subgroup 
contains the image of any fi-homomorphism B ^ G; hence g commutes with all the 
elements ^i{b), b E B, and 

^2(6) = g ■ <Piib) ■ g-' = hg-<P^{b) ■ {Kg)-' = h ■ cP,{b) ■ h-\ 

This shows that <Pi ^ <p2- □ 

Remark 5.12. If we replace by a conjugate homomorphism Q', 

Q'{b) = sQ{b)s-' , 

and define the corresponding e' = eqi and T' = Tq' according to (j5.36p . (j5.37p . then we 
have the bijection 

Z'^iB,H) 3z^z'E Z'^,iB,H), z\b) = pis) zib) pis''), 

which induces an isomorphism of the cohomology groups H}^{B,H) H^,{B, H). 
We have also the bijection 

Homf,(5, G)3<P^<P' e Homf,,(5, G), <P'{b) = p{s)<Pib) pis'") , 

which is compatible with the equivalence relations ~, ~'. The matching between 
cocycles and {Q- or Q'-) homomorphisms defined by ()5.40j) . ()5.41|) is also compatible 
with the above bijections. Moreover, if Q satisfies ()5.44|) . then Q' does as well. Com- 
bined with Remark 15.61 this shows that in our problem we may freely pass from a 
homomorphism to a conjugate one. 



Remark 5.13. Even if condition (j5.44p is not held, we may compute the cohomology 
group Hl^{B,H), choose some 1-cocycle zn in each cohomology class H, and then 
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take the corresponding fi-homomorphisms = <Pzn ■ The homomorphisms (^7^ corre- 
sponding to distinct cohomology classes Ti. cannot be if-conjugate; but some of them 
can be conjugate (by means of an element in G). Even if this happens, the homomor- 
phisms (Pj-c, Ti G Hq{B,H), form a complete system of fi-homomorphisms B ^ G, 
meaning that any f2-homomorphisms $ : B ^ G is conjugate to some of ^-h- Such a 
system {^h} provides us with a solution of our problem (maybe, not with "the best" 
one; see Remark 15. 6p . Anyway, this procedure reduces our nonlinear classification 
problem to computation of cohomology, which is, in a sense, a linear algebra problem. 
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6. ^7-homomorphisms and cohomology: some computations 

In this section we study some particular diagrams of the form fl5.H4j) and compute the 
corresponding cohomology and Q-homomorphisms. Namely, we consider a diagram 

Bn 

(6.1) 

1 H G -^r^ S{t) 1 , 



where Q: Bn S{t) is some given homomorphism of the braid group B^ to the 
symmetric group S(t) {n,t > 2). We fix some abelian group A, which is written as 
additive, and assume that H is the direct sum of t copies of A: 

t 

H = A®' = ^A. (6.2) 

i=i 

We denote elements of the group H by bold letters (say h) and regard them as "vectors" 
with t "coordinates" in A: h = (a^,...,a*) G H, a^,...,a* G A. We consider the 
standard left action r of the symmetric group S{t) on this group H. Namely, for any 
element h = (a\ a*) G and any s G S(t), we put 

r,h=(a^"'«,...,a^''W). (6.3) 

The group G is assumed to be the semidirect product H \r S(t) of the groups H and 
S(t) corresponding to the action r. That is, G is the set of all pairs (h, s), h G iJ, 
s G S(t), with the multiplication 

(h,s)-(h',s') = (h + r,h',s-s'). (6.4) 

The injection j : if ^ G, the projection tt: G ^ S(t), the splitting homomorphism 
p: S(t) — ^ G, and the homomorphism e: Bn —>■ G are defined as follows: 

j(h) = (h,l), n{h,s) = s, p{s) = {0,s), e{b) = {pon){b) = {0,n{b)). (6.5) 

We identify any element h G if with its image j(h) = (h, 1) G G (however, we must 
remember that the group H is additive, and G is multiplicative). The left action T of 
the group i?„ on the group H is defined by the given homomorphism Q and the action 
r: 

T,h = £(6)(h, l)e{b-') = (0, n{b)){h, 1)(0, n{b-')) = {Tnib)h, 1) = rf,(,)h. (6.6) 
For a cocycle z G Z^{Bn, H), we have z(l) = and 

(5^z)(6i, 62) = TbXh) - 2(6162) + z(6i) = for all 61, 62 G 5„ 
(this is the additive version of ()5.38|) ): thus, 

z(6i62) = z(6i)+T,,z(62). (6.7) 
In particular, setting bi = b and 62 = b^^, we obtain 

z(6-i) = -T,-iz(6). (6.8) 
It follows from (|6.7|) . (|6.8|) that any 1-cocycle z is completely determined by its values 

h, = z{s,) = {zl,...,zl)eH, zjeA, (6.9) 
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on the canonical generators Si, of the group 
Assume that some elements 

h, = {a], ...,a!^ EH, aj e A, 1 < t < n - I, (6.10) 

are given, and we are looking for a cocycle z G Z^{Bn, H) with the values 

z(si) = hi, l<i<n-l. (6.11) 

Since SpSq = SqSp whenever 1 < p,q < n — 1 and |p — > 2, we have for any such p, q 
the relation z(spSg) = z(sgSp). In view of ()6.7|) . the latter relations may be written as 

T,pZ(sg) + z(sp) = r,^z(sp) + z(sg), (6.12) 

which shows that the elements I6.10|) must satisfy the relations 

hg - Tsphg = hp - Ts^hp, l<p,q<n-l, \p-q\>2. (6.13) 

We must also take into account the relations SpSp+iSp = Sp+iSpSp+i, 1 < p < n — 1, 
which leads to the conditions 

Tspsp+iz(sp) + T,^z(sp+i) + z(sp) = r,^+,,^z(sp+i) + T,^+iZ(sp) + z(sp+i) (6.14) 

and 

hp-r,^+ihp + T,^,p^,hp = hp+i-r,^hp+i + r,^^j,^hp+i, l<p<n-2. (6.15) 
The following lemma is evident. 

Lemma 6.1. A cocycle z G Z^{Bn, H) with the values z{si) = hj {I < i < n — 1) does 
exist if and only if the elements hj satisfy relations il6'. J3)) . A6.15]) . If these relations 
hold, then the corresponding cocycle z is uniquely determined by the elements h,. 
Moreover, this cocycle z is a coboundary if and only if there exists an element h E H 
such that 

hp = T^ph — h for all p = l,...,n — l. (6.16) 

The cohomology group H)p{Bn, H) is isomorphic to the quotient group ZjB, where Z 
consists of all the solutions [hi, h„_i] of the linear system il6'. Jc>)) . i|6'. J5|) . and B Z 
is the subgroup consisting of all the solutions [hi, h„_i] such that there is an element 
h E H that satisfies i|6'.J6]) 

If the action T is given explicitly, the computation of the quotient group Z/B is a. 
routine (however, it can be very long). 

In the sequel we use the coordinate representation (|6.1(jp of the vectors hj G H. 

Lemma 6.2. Let t = n and let Q = fi: Bn ^ S(n) = S(t) be the canonical epimor- 
phism. Then the system of equations (|6'.Jc>|) is equivalent to the system 

< = <+\ l<p,q<n-l, \p-q\>2, (6.17) 

and ()6'.J5|) is equivalent to 

a^ = a^+i, l<q<n-2, 1 < p < n, p ^ q,q + l,q + 2; 

<' = a^+i, l<g<^-2; (6.18) 

al + al+' = alXl + alXl, 1 < g < n - 2. 
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Proof. Take any element h = (a^,...,a") G H. Using Definition 15. 8h ) of tlie 
actions r and T (see formulae (|5.36|) and (|5.37|) ) and taking into account that for 
f2 = /i we have 

fi(sp) = 1), il(spSp+i) = + l,p + 2), and = (p + 2,p+ , 

we can readily compute that 



Ts h 




ia\.. 














T 




ia\.. 






aP,aP+\ 


aP+^.. 


.,a"), 


(6.19) 


T 


^.h = 


{a\.. 















(we underbrace the "nonregular" permuted parts). Using these formulae, we can 
write relations (j6.13p . (j6.15j) in the coordinates; after evident cancellations, this leads 
to ()6.17|) and ()6.18|) . respectively. □ 

Now we can compute certain cohomology and homomorphisms. 

Remark 6.3. Assume that A = Z/rZ and take the following t disjoint r-cycles: 

Cm = ((^ — + 1, (m — l)r + 2, . . . , mr) G S(rt), m = 1, . . . , t. 

Identify any h = {a\ a*) G (Z/rZ)®* with the product ■ ■ ■ Cf G S{rt). Thereby, 
we obtain an embedding (Z/rZ)®* S(rt). Using this embedding and Lemma l5.H 
we may identify the second horizontal line of diagram ()6.1|) with the exact sequence 
fl5.2|) . This identification is compatible with the actions, splittings, etc. This means 
that for the group A = Z/rZ any fi-homomorphism in diagram (jG.lj) may be regarded 
as a homomorphism — > G C S{rt). 

When A is a commutative ring with unity 1 (say A = Z/rZ), we set 

Bi = (0^_^, 1, 0^_^^^ eH, l<i<t. (6.20) 

j— 1 times t—i times 

Clearly, in this case if is a free A-module with the free base ei, . . . , e^, and the action 
T on if is compatible with the A-module structure of H. Hence the cohomology group 
is also an A-module. 

Theorem 6.4. Let t = n and let fl = ii: S(n) = S(t) he the canonical 

epimorphisni. Then 

Hl{Bn,A®'')^A®A. 

If A is a ring with unit, then the A-niodule Hj^{Bn, A®") is generated by the cohomol- 
ogy classes of the following two cocycles zi, Z2: 

(l<i<n-l) (6.21) 

Z2[Si) = ei + . . . + ei_i + ei+2 + . . . + e„. 
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Proof, a) Any solution hi, ...,h„_i of the system of equations (j6.17p . (j6.18|) is of 
the form 

hi = {b^^^, Ci, a-Ci, K-j^ ), z = l,...,n-l, 

i—l times n—i—l times 

where a, h and Ci, c„_i are arbitrary elements of the group A (the elements a and h 
do not depend on i). Hence 

71+1 



2 = z;(5„,//) = A®"+i = 0A. 



j=i 

Such a solution satisfies the system of equations ()6.16|) for some h E H if and only if 
a = b = 0. That is, the subgroup 

B = BliB^, H) C ZliB,,, H) 

consists of all [hi, hn^i] of the form 

hi = { 0^^^^ , a, -Ci, 0^^^^ ), i = l,...,n-l. 

i — 1 times n — i — l times 

This implies that any cohomology class in Hjj^{Bn, H) contains a unique cocycle z e 
Z^{Bn, H) that takes on the generators si, s„_i the values of the form 

z(sj) = hj = ( 6^^^^ , 0, a, 6^^^^ ), z = l,...,n-l, (6.22) 

i — 1 times n — i — l times 

where elements a, 6 G A do not depend on i. Therefore, Hj^{Bn, A®") = A(B A. 

Now, if A is a ring (with unity), any cocycle of the form ()6.22|) may be represented as 
z = a ■ zi + 6 ■ Z2, where zi, Z2 are defined by ()6.21|) . □ 



Remark 6.5. Remark 15.121 and Theorem 13.91 show that for n ^ 4,6 Theorem IHT 
applies in fact to any non-cyclic homomorphism Q: B„ — > S(n). Namely, for such a 
homomorphism fi, we have if^(_B„, A®") = i7?^(_B„, A®"). 



Now we should compute the y4®^-cohomology for the two exceptional homomorphisms 
fl = ip5^Q : i?5 — i> S(6) and Q = uq: Bq ^ S{6), where ip^^Q is defined by (j4.7p and uq is 
Artin's homomorphism (see Sec. 11.71 Artin Theorem (6)). We skip some completely 
elementary details, since the computations are very long. 

Notation. For an additive abelian group A, we denote by A2 the subgroup in A 
consisting of the zero element and all elements of order 2: A2 = {a E A\ 2a = 0}. Q 

Theorem 6.6. Let n = 5, t = Q and let fl = ip^^ : B^ S(6) be the homomorphism 
defined by g!^,!^. Then 

Hl^^iB,,A^')=A2(BA. 
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Moreover, any cohomology class contains a cocycle z that takes on the canonical 
generators Si e the values z(sj) = hj of the form 



(6.23) 



where x E A2 and y E A. 

Proof. The action T — T^g g of on the group ^4®^ corresponding to the homo- 
morphism tp^ g is given by 



hi = 


; 0, 


x + 2y, 


0, 


x + 2y, 


0, 


X + 2y) 


h2 = 


: 0, 


0, 




x + 2y, 


X + 2y, 


) 


h3 = 




-y, 


x + 3y, 


x + 3y, 


X, 


2y ) 


h4 = 


[ a;, 


2|/, 


2y, 


2|/, 


X, 


X ) 



Tn/1 2345 6\ 

lsi{a , a , a , a , a , a ) 

Tn/1 2345 6\ 
T-T/12345 6\ 

i53(a , a , a , a , a , a j 



(a^, a\ 0,*^, a^, a*^, a^), 
(a^, a^, a^, a*", a^, a*^), 
(a^, a^, a\ a^, a®, a^), 
7;,(a\ a\ a^ a^) = (a^, a\ a^ a^ a^ a^). 

Let z be a cocycle with the values z(sj) — — {al,...,af) e A®^, i = 1,2,3,4. 
Then the system of equations corresponding to the commutativity relations Sj ^ 
(K^il > 1) the braid relations SjOOSj+i between the generators Sj looks as 
follows: 



(si ^ S3) 



a} - 


al = 




" al', 


al - 


- al 


= al 


^ al; 


al 


— al 


= al — 


4 


4 


■ al = 


4 

= «3 - 


-al] 


al - 


-al 


= al 


-al; 


a\ 


- al 


= al- 


al; 


al- 




= a\ - 


- al\ 


al- 


- al 


— 04 


- a\; 


al 


-al 


^al- 


4 

04; 


at- 


-a^l = 


= «^ 


- 


al - 


-al 


= ol 


-4 


al 


-al 


= al 


al; 


al - 


- al = 


= a\ - 


-al; 


al - 


- al 


= al 


-al; 


al 


-al 


^al- 


al; 


4 

02 - 


-al- 


4 

= 04 - 


-al 


al - 


-al 


= al 


- a\; 


al 


A 

- ^2 


^al- 


4 

04; 




— al 


+ al 


= al 


-al + 


a^- 


al — 


ail + '^"1 


= al 


- al 


+ at; 






— al 


+ al 


= al 


-at + 


al; 


al- 


al + al 


4 

= ^2 


- al 


+ al; 






— al 


+ al 


= al 


-al + 


al; 


al- 


al + al 


= al 


-al 


+ al; 




al 


-al 


+ «' 


= al 


-al + 


al; 


al - 


4 , 1 

0'2 + «2 


= al 


3 

— 03 


+ al; 




al 


- al 


-ral 


^al 


-al + 


al; 


4 

02 - 


al + al 


4 

= 03 


-al 


+ al; 




al 


-al 


+ al 


= 4 


-al + 


4 


al- 


„5 1 „2 
02 + O2 


-at 


4 

- 03 


+ al; 




al 


— al 


+ 4 


= al 


-al + 


4 

04, 


al — 


0,3 + 03 


= al 


4 

- 04 


+ al; 




al 


— al 


+ al 


= al 


- al + 


a^- 


al — 


0,3 + 4 


4 

= 04 


- al 


+ al; 




al 


-al 


+ al 


= al 


-al + 


a^; 


al- 


al + al 


= al 


- al 


+ 04. 





(si ^ S4) 



{S2 ^ S4) 



(S1OOS2) 



(S2OOS3) 



(S3OOS4) 
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Straightforward computations show that the general solution hj = (aj,...,a^) (1 < 
i < 4) of this system depends linearly (over Z) on seven parameters Xi, . . . ,xy G A 
that must satisfy the only relation 

2xi = 0. (6.24) 
Exphcitly, the general solution is of the form 

al — Xs a'^ = Xi + 2x2 — X4 

al = xi + 2x2 - X3 al = (hi) 

af = X4 = Xi + 2x2 — 

al — Xe a2 — Xi + 2x2 — x^ — X4 + x^ + x^ — x^ 

al = X'j a\ = Xi + 2x2 ~ {ii-2) 

al = xi + 2x2 — al = X3 + Xi — x^ — xq + xj 

al — —X2 + Xs + x^ 03 = ^1 + 3x2 — X4 — X'j 

al = —X2 + X4 + X7 al^ xi+ X5 (ha) 

al — xi + 3x2 — X3 — X7 0.3 — 2^2 — X5 



al^ xi + X3 a\ = 2x2 — X3 — x^ ^- x^ ^- Xq — x-j 

a\ = 2x2 - X3 a\ ^ xi -\- X3 - Xq -\- x-j {h.^) 

a\ = 2x2 — X3^-xq — x-j 04 = xi + X3 + X4 - X5 - xe + X7 

To select the solutions corresponding to coboundaries, we must find out all the solu- 
tions hj = (Oj- , of ) (1 < i < 4) such that the system of equations 

hi = T.^h - h, 1 < i < 4, 

has a solution h = {v}, ...,u^) e A®^. In coordinates, this system of equations looks 
as follows: 

a\ — X3 — — v}] a\ ~ Xi-\- 2x2 — x^ — v? — u^] 

a\ — Xi-\- 2x2 — X3 — v} — u^; a^ — x^ — — u^; (h[) 

al — X4 — — u^; a^ — Xi + 2x2 — x^ — — u^] 



a\ — xq — — v}\ 
a2 — XT — u — u ; 
al = xi + 2x2 — xy — — u^; 

a2 = Xi + 2x2 — X3 — X4 + x^ + Xq — Xj — — u^; 

al = Xi + 2x2 — Xq = — u^] 

al = X3 + Xi — x^ — Xq + xi = — u^; 



6. f7-HOMOMORPHISMS AND COHOMOLOGY: SOME COMPUTATIONS 



61 



al = —X2 + X3 + xt = — ] 
al = —X2 + Xi + xj = — u^] 
a\= Xi + 3x2 — x^ — x-j = — M^; 



03 = a;i + 6X2 — X4 — xt = u — M ; 

al = Xi + x^ = — u^; (hg) 

al = 2x2 — x^ = — u^] 



al = Xi + X3 = — ; 

al = 2x2 — X3 = — u^; 

al = 2x2 — X3 + xq — X7 = — v?\ 

4 r, ,1 6 4 v"4j 

a^ = 2x2 — X3 — X4 + X5 + Xg — X7 = M — M ; 

al = xi + X3 — xq + xj = u'^ — u^] 

a^ = xi + X3 + X4 — X5 — xq + xy = u'^ — u^. 

It has a solution {u^, u^) G A®® if and only if the parameters Xi satisfy the relations 

xi = X2 = 0. (6.25) 
Hence the group ^(^57 A®^) of all cocycles is isomorphic to the direct sum 

Z = © A®^ = { (xi, xj) e A®^| 2x1 = 0}, 

and the group B^p^^^B^, A®^) of all coboundaries is isomorphic to the subgroup B <Z Z 

B = A®^ = { (xi, X7) e A®'^\ xi=X2 = 0}. 

This means that 

Hl^^^{B,,A®') = Z/B^A2®A. 

Clearly, any cohomology class in H^^^{B^, A®^) contains a cocycle of the form (hi) — 
(h4) with X3 = X4 = X5 = xe = X7 = 0; this proves ()f).23|l (with x = xi G A2, y = 
X2 e A). □ 

Remark 6.7. In the next theorem we use some details of the proof of Theorem 16.61 
To simplify our notations, we denote the system of equations (si S3) — (S300S4) by 
{S), and formulae (hi) — (h4) by (TC). We denote by (Hq) the formulae for aj given 
by (hi) — (h4) with the particular value Xi = 0. Finally, we denote by (Uq) the system 
of equations (h'^) — (h4) with the same particular value xi = 0. It follows from the 
proof of Theorem 16.61 that system (Wq) has a solution [u^, u^) G A®^ if and only if 

X2=0. O 

Theorem 6.8. Let t = n = 6, and let Q = uq: Bq —>■ S(6) be Artin's homomorphism. 
Then 

Hl(B,,A®^) = A. 



62 



Vladimir Lin 



Any cohomology class may be represented by a cocycle that takes on the canonical 
generators Si G Bq the values z{si) = hj of the form 



z(si) 


= hi = ( 


0, 


2y, 


0, 


2?/, 


0, 


22/) 


Z(S2) 


= h2 = ( 


0, 


0, 




2y, 


2y, 


0) 


2(^3) 


= h3 = ( 


-y, 


-y, 


3?/, 


Sy, 


0, 


2y) 


2(54) 


= h4 = ( 


0, 




22/, 


22/, 


0, 


0) 


2(55) 


= h5 = ( 


-2l/, 


0, 


22/, 


%, 


0, 


22/) 



(6.26) 



Proof. According to (j4.7j) . we may regard the homomorphism V's.e- -B5 ^ S(6) 
as the restriction of Artin's homomorphism Uq: Bq —>■ S(6) to the subgroup B = B^ 
in Bq generated by the first four canonical generators Si, S2, S3, S4. Since e^^ = p o z/g 
and e^g g = p o ip^^, we have e^gl-Bs = e^Vs.e; thus the i?5-action T,^^ coincides 
with the restriction of the i?fi-action T^^ to B = B, 



:>5-acuun j^g_g 
It follows that the restriction 



of any 1-cocycle z G ZI^{Bq, A®^) to the subgroup B^ = B d Bq belongs to 
Z^^^{Bt^, A®^). Moreover, if such a cocycle z is a coboundary, then its restriction 
z^g is also a coboundary. So, in order to compute HI^{Bq, A®^), we may use some 
computations already made in the proof of Theorem 16.61 

Let z G ^^^(56,^®*^ be a cocycle with the values z(sj) = hj = {a},...,a^) G A®*^, 
1 < z < 5. Then the elements al with 1 < z < 4 must satisfy the system of equations 
(S). According to the proof of Theorem 16.61 they are of the form (7i) with some 
Xi,...,X7 G A. The elements a-f (1 < z < 4) together with the elements al,...,al 
must satisfy the system of equations (sj S5), (S4OOS5) corresponding to the relations 
SiS5 = s^Si (1 < z < 3) and S4S5S4 = S5S4S5. Using the formula 



a 



3 2 
a , a , 



,a\a^) 



for the transformation T^g = (T^^)s^, we can write down equations (sj S5), (S400S5) 
explicitly: 



4 



a} 



a. - 



''5 ' 



al - al 



«5 - «5 ; 



1 1 — 5 5 ' 



S5) 





4 




al 


- 0-2 


= «5 


4 




4 


0-2 


- al 


= «5 



''5 > 



''5 > 



''5 > 



''5 > 



''5 > 



''5 > 



{S2 ^ S5) 



«3 


4 

-«3 


= 4 




al 


-al 


= 4 


4 


^3 


-al 


= 4 


-4; 


4 
«3 


-4 


4 

= "5 


-«5; 


al 


-al 


= 4 


-«5; 


al 


-al 


= al 


-«5; 



(S3 ^ S5) 
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al — al + al = al — al + al; a^ — al + a^ = a'^ — al + a^; (S4OOS5) 
Let us denote the system of equations (sj S5) {I < i < 3) and (S4OOS5) by (Snew)- 
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By substitution of the expressions (7i) for al (1 < i < 4) in terms of the parameters Xi 
into the equations (Snew), "we obtain the system of nonhomogeneous equations (Snew) 
for the remainder elements & A, 1 < j < 6. This (very unpleasant!) procedure 
leads to the following result: 

Claim. System of equations {Smw) -has a solution & A (1 < j < Q) if and only 
if Xi = 0. Clearly, the latter condition means that the elements al (I < i < ^) must 
he chosen according to formulae (Hq)- If this is done, the solution {al,...,al) G A®^ 
of (Snew) is unique and reads as follows: 

al = —2x2 + + X4 + Xt, al = 4x2 — x^ — x^ — X7, 

al = X7, al = X5, (hs) 

al = 2x2 — Xj, al = 2x2 — x^. 

Combined with formulae (Tio), this shows that 

Z = Zl^{B,, = A^' = {(xi, X7) G A^'\ X, = 0}. 

Now we must select the solutions corresponding to coboundaries. To this end, we add 
the following new equations (hg) 

a\ = —2X2 + X3 + X4 + X7 = ^4 — Ml, = 4X2 — X3 — X4 — X7 = Ml — U4, 

al = xj = U3 - U2, al = X5 = Uq - M5, (hg) 

al = 2x2 - X7 = M2 - M3, al = 2x2 - = - uq, 

to the equations (Wo); then we need to find out when the resulting system of equations 
(Uq), (hg) has a solution (w^, u^) e A®^. We must certainly assume that X2 = (this 
is necessary for solvability of the equations (Uq); see Remark l6.7|) . A straightforward 
computation shows that in fact X2 = is the only condition for solvability of the system 
of equations [Uq), (hg). That is, a cocycle z of the form (7-^o)!(h5) is a coboundary if 
and only if X2 = 0. Hence 

B = Bl^{B„A^') = A^' = {(X2,...,X7) e A^'\ X2 = 0}, 

and thus 

Hl^iB,,A®^) = Z/B^A. 

Since the parameters (x3,...,X7) G A®^ are completely free both in cocycles and 
coboundaries, any cohomology class may be represented by a cocycle of the form 
(7-^0)7 0^5) with X3 = . . . = X7 = 0, which gives formulae ()6.26|) (y = X2 G A). □ 

Remark 6.9. The homomorphisms 

VL = ji: En S(n) and VL = v^: ^ S(6) 

are surjective, and the image of the homomorphism f2 = ifj^^ : — > S(6) is isomorphic 
to S(5). In any of these cases, the centralizer of the image ImVL in the corresponding 
symmetric group is trivial, and thus the two equivalence relations ~ and ~ on the set 
of all il-homomorphisms coincide (see Proposition 15. llt &) ) . Hence, to compute all the 
f2-homomorphisms up to conjugation, it is sufficient to choose one cocycle z in each 
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cohomology class (which indeed was done in Theorems 16 .411^^ . and then to compute 
the corresponding f2-homomorphisms <Pz defined by (j5.41|) . For the latter step, we 
must also compute the homomorphism e = p o f2; this is not a problem at all, as far 
as the splitting p and the homomorphism f2 are given explicitly. O 

In the following three corollaries we consider only the case when A = Z/2Z, which 
is important for some applications (see Sec. [7j). We skip the proofs since they follow 
immediately from the results stated in Theorems I6.4H6.8I (see also Remarks 16.31 and 

EH). 

Corollary 6.10. The cohomology group 

HliBn, (Z/2Z)®") = (Z/2Z) © (Z/2Z) 

consists of the cohomology classes of the following four cocycles: 

zo('5i) = (zero cocycle), 

zi(si) = ej+1, 

Z2{si) = ei H h ej„i + 6^+2 H h e„, 

zs{si) = zi(si) + Z2(si) = ei H h e^.i + e^+i H h e„ 



(6.27) 



{here 1 < i < n — 1). 

Any pn-homomorphism (P : Bn ^ G G S{2n) is H -conjugate to one of the following 
four fi-homomorphisms (fj, j = 0, 1, 2, 3 {in each formula 1 < i < n — 1): 

<Po = P ° fJ'n = £ii„ ^ fJ'n y< fJ'n ■ '■Po{si) = (2z - 1, 2i + l)(2z, 2i + 2); 

(pi{si) = {2i - 1, 2i + 2, 2i, 2i + 1) ■ 
" V ' 

4-cycle 

(P2{si) = (1, 2) ■ • • {2i - 3, 2i - 2) {2i -l,2i + l){2i, 2i + 2) x 

' V ' 

two transpositions 

X (2i + 3,2i + 4)---(2n- l,2n); 
(P3{si) = (1, 2) ■ ■ ■ {2i -3,2i- 2) {2i -l,2i + 2, 2i, 2i + 1) x 

^ V. ' 

4-cycle 

X (2i + 3, 2i + 4) ■ ■ ■ (2n - 1, 2n) . 

Corollary 6.11. The cohomology group 

Hl^^{B,, (Z/2Z)®6) = (Z/2Z) © (Z/2Z) 
consists of the cohomology classes of the four cocycles 

z{x,y), {x,y) e (Z/2Z) © (Z/2Z) , 
that take on the generators si, S2, S3, S4 the values 

Z(x,y)(Sl) = (0, X, 0, X, 0, X), Z{x,y){s2) = (0, 0, X, X, X, 0), 

Z(x,j/)(-53) = (y, y, x + y, x + y, X, 0), Z(^^j^)(s4) = (x, 0, 0, 0, x, x). 
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Any ipQ^Q-homomorphism ^ G G S(12) is H-conjugate to one of the following 

four i/j^^e-homomorphisms rji = 05,6;{x,3/), {x, y) e (Z/2Z) (Z/2Z), i = 0, 1, 2, 3: 

VO — 05,6;(O,O) = ^V-s.e ■ 

si^(l,3)(2,4)(5,7)(6,8)(9,ll)(10,12), 
S2^(l,9)(2,10)(3,5)(4,6)(7,ll)(8,12), 
S3^(l,5)(2,6)(3,7)(4,8)(9,ll)(10,12), 
S4^(l,3)(2,4)(5,9)(6,10)(7,ll)(8,12); 

^1 = 05,6;{1,O) '■ 

Si ^ (1, 4, 2, 3)(5, 8, 6, 7)(9, 12, 10, 11) , 
S2^(l,10,2,9)(3,6,4,5)(7,ll,8,12), 
S3^(l,6,2,5)(3,8,4,7)(9,ll,10,12), 
S4^(l,3,2,4)(5,10,6,9)(7,12,8,ll); 

V2 = 05,6;(O,1) • 

si^(l,3)(2,4)(5,7)(6,8)(9,ll)(10,12), 
S2^(l,9)(2,10)(3,5)(4,6)(7,ll)(8,12), 
S3^(l,6)(2,5)(3,8)(4,7)(9,ll)(10,12), 
S4^(l,3)(2,4)(5,9)(6,10)(7,ll)(8,12); 

m = 05,6;(1,1) : 

51 ^ (1,4,2,3)(5,8,6,7)(9, 12, 10, 11), 

52 ^ (L10,2,9)(3,6,4,5)(7,ll,8,12), 
S3^(l,5,2,6)(3,7,4,8)(9,ll, 10,12), 

(1,3,2,4)(5,10,6,9)(7,12,8,11). 

Corollary 6.12. The group HI^{Bq, (Z/2Z)®6) = Z/2Z consists of the cohomology 
classes of the two cocycles Zy e Z/2Zj that take on the generators si, ...,55 the 

values 

zy{si) = (0, 0, 0, 0, 0, 0), Zy{s2) = (0, 0, 0, 0, 0, 0), z,(s3) = {y, y, y, y, o, o), 

Zy{s4) = (0, 0, 0, 0, 0, 0), Zy{s5) = (0, 0, 0, 0, 0, 0). 

Any PQ-homomorphisni <P: Bq G C S(12) is H-conjugate to one of the following 
two i/Q-homomorphisms (f)y, y G Z/2Z: 

00 = P o z/6 = : 

si^(l,3)(2,4)(5,7)(6,8)(9,ll)(10,12), 

S2H^(1,9)(2,10)(3,5)(4,6)(7,11)(8,12), 

53 ^ (1, 5)(2, 6)(3, 7)(4, 8)(9, 11)(10, 12) , 

54 ^ (1, 3)(2, 4)(5, 9)(6, 10)(7, 11)(8, 12) , 
S5^(l,7)(2,8)(3,5)(4,6)(9,ll)(10,12); 
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si^(l,3)(2,4)(5,7)(6,8)(9,ll)(10,12), 
S2H^(1,9)(2,10)(3,5)(4,6)(7,11)(8,12), 
S3H^(1,6)(2,5)(3,8)(4, 7)(9,11)(10,12), 
S4^^(l,3)(2,4)(5,9)(6,10)(7,ll)(8,12), 
S5^(l,7)(2,8)(3,5)(4,6)(9,ll)(10,12). 

Remark 6.13. For any natural m and any group G, we denote by 1^ the trivial 
homomorphism G S(m). {2} denotes the unique non-trivial homomorphism Bn 
S(2); so for every i = 1, ...,n — 1, {2}(sj) is the unique transposition in S(2). Given a 
homomorphism ip: Bn ^ S(A^), we regard the disjoint products x 1^ and ip x {2} 
as homomorphisms of Bn to the groups S(A^ + m) and S{N + 2), respectively (see 
Definition ll.3l (d^). For instance, the homomorphism /i„ x li: i?„ S(n + 1) is 
defined by {fin x = + I), I < i < n — 1. O 

We skip the (trivial) proof of the next corollary; ipj: Bn ^ G G S{2n) are the /i„- 
homomorphisms exhibited in Corollarv 16.101 

Corollary 6.14. Any {finX^i)-honiomorphisni(l>: Bn G G S(2(ri + 1)) is conjugate 
to one of the eight homomorphisms (f j x I2, <fj x {2}, j = 0,1,2,3. □ 

Remark 6.15. Take any n > 3 and any r > 2. Remark 16.31 and Theorem 16.41 give 
rise to some non-cyclic homomorphisms Bn S(rn). To simplify the form of the 
final result, we identify the group S(n) with the group S(Z/nZ), and regard the group 
S(rn) as the symmetric group of the direct product T>{r,n) = (Z/rZ) x (Z/nZ) via 
the identification 

Arn 3 {R{a),N{a)) G (Z/rZ) x (Z/nZ), 

where R{a) = \a - l\r G Z/rZ and N{a) = |(a - 1 - i?(a))/r|„ G TLjnTL '^^'^^^ 

(here \c\r and |iV|„ denote the r- and the n-residue of G N respectively). Then the 
subgroup H = (Z/rZ)®"" generated by the r-cycles 

Cm = {{iTL — l)r + 1, (m — l)r + 2, . . . , mr) G S(rn), 1 < m < n, (6.29) 

acts on V{r, n) by translations of the first argument: 

H3h= {Cf ■ ■ ■ Gf-'): V{r, n) 3 {R, N) ^ {R + a^, N) G V{r, n), 

where a°,...,a"-^ G Z/rZ. 

The subgroup G G S{rn) (the centralizer of the element C = Gi- ■ ■ Gn) was already 
identified with the semidirect product (Z/rZ)®" X^S(n) = (Z/rZ)®" X^S(Z/nZ); the 
latter group acts on the set T>{r,n) by permutations as follows: 

(h, s){R, N) = {R + s{N)) , (6.31) 

where h = (6°, 6""-*^) G (Z/rZ)®", s G S(Z/riZ). Clearly, this action is transitive 
and imprimitive (any subset (Z/rZ) x {A^} in V{r,n) is a set of imprimitivity) . 
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According to Theorem lfi.4| there are cocycles 'Z'{x,y)-, {x,y) G (Z/rZ)®^, repre- 
senting all the cohomology classes. The /i-homomorphism 

n^,y): Bn ^ (Z/rZ)®" X.SH C S{V{r,n)) 

corresponding to the cocycle Z(^r^^y) is uniquelly defined by its values 's(x,y)-i = V^(x,y)(si) G 
S{V{r,n)) on the canonical generators Si G Bn- The permutations Sj = 'S(^x,y);i act on 
the elements {R,N) G V{r,n) as follows: 

r {R + y,N) if Nj^z-l,z- 

Si{R,N)=l {R,N + 1) iiN = i-l; {l<i<n-l). (6.32) 

[ {R + x,N -1) if N = t; 

It is easily shown that the map o"i —>■ Sx,y;i, i = ^, ...,n — l, extends to a uniquely defined 
non-cyclic homomorphism ifx^y'- Bn — >• S(P(r, n)) = S(rn). This homomorphism ipx,y 
is transitive if and only if the elements x,y E Z/rZ generate the whole group Z/rZ, 
or, which is the same, if and only if x,y and r are mutually co-prime. However ip^^y 
can never be primitive. 

It is easy to show that the homomorphism f{x,y) defined by fl6.32p is transitive if 
and only if the elements x,y E Z/rZ generate the whole group Z/rZ, or, which is the 
same, if and only if x,y and r are mutually co-prime. However, this homomorphism 
can never be primitive, since its image is contained in the imprimitive permutation 
group G = (Z/rZ)®" X ,S(n). 

Using the same approach and Theorems 16.61 16.81 one can construct "exceptional" 
non-cyclic homomorphisms B^ — > S(6r) and Bq S(6r), r > 2. Q 

Remark 6.16. Assume that the homomorphism Q in diagram (j6.1|) is a disjoint 
product of two homomorphisms: 

Q = Q' xQ": Bn S(t') x S(t") C S(t), t' + t" = t. 

Then we have the decomposition H = A®* = A®*' © A®*", the actions r', r" of the 
groups S(t') and S{t") on A®* and A®* respectively, and the corresponding semidirect 
products G' = A®*' X,, S(t') C G and G" = A®*" X," S{t") C G. Any two elements 
g' G G', g" G G" commute in G and 7c{g'g") G S(t') x S{t"). It is readily seen 
that the image of any fi-homomorphism <P: Bn ^ G is contained in the subgroup 
G' ■ G" = G' X G" . Hence (p is the direct product of the two homomorphisms 

<P' : Bn G' and <P" : 5„ ^ G" . 

Each of the latter homomorphisms fits in its own commutative diagram of the form 
(|6.ip and may be studied separately. O 

Let us compute fi-cohomology for a cyclic homomorphism Vt: Bn ^ S{t) . In this case 
there is a permutation S G S{t) such that Q{si) = S for all z = 1, n — 1. In view of 
Remark 16.161 it suffices to handle the following two cases: (z) t = 1; (ii) t > 2 and 
S" is a t-cycle. 

Theorem 6.17. Let n > 4 and let Q: Bn — > S(t) be a cyclic homomorphism. 
a) Every Q-homomorphism <P: Bn G is cyclic. 
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b) If {i) t = 1 or (ii) t > 2 and S is a t-cyde, then H}^{Bn, A®*) = A. In case {ii) 
each cohomology class contains a unique cocycle z of the form 

z(si) = (a, 0^_^), aeA, 1 < i < n - 1. (6.33) 

t—l times 

Proof, a) Since tt o ^ = 1] is cyclic, we have Tr[<P{B!J] = {!}; hence ^(-B^ is 
contained in the abehan group Kervr = H. Therefore, ^{B'^) = {1} and <P is cychc. 
b) In case (i), the i?„-action on the group H = A is trivial and hence 

ifs^(5„,A) = Hom(5„,A) = A. 

Consider case (ii). By Lemma f6. 11 the elements hj = {a}, ■■■,aj) G A®* are the values 
z(si) of a cocycle z if and only if they satisfy relations ()6.13|) . ()6.15|) . which may be 
written as 

h,-Tshi = hj-Tsh„ l<^,J<n-l, \z-j\>2, (6.34) 

and 

h, - Tshi + Ts2hi = hj+i - T^hi+i + Tgihi+i, 1 < i < n - 2, (6.35) 
respectively. Since n > 4, system ()6.34p includes the equations 

hi-Tshi =hj -Tshj, 3 < j <n-l, ha - T^ha = h^— Tshj, 4<j<n-l; 
thereby, 

hi - Tshi = h2 - Tsh2 = ... = h„_i - Tshn-i . 
Combined with ()6.35p . this shows that Ts^hi = Ts2h2 = . . . = Ts'2h„_i. However, 
is just a permutation of coordinates, and thus 

hi = h2 = . . . = h„_i. (6.36) 

In turn, ()6.36p implies both ()6.34|) and ()6.35|) . which shows that 

Z = Z^(5„,,A®*) = A®*. (6.37) 

Furthermore, a cocycle z with the values hi = ha = . . . = hn i = v = (w f*) G A®* 
is a coboundary if and only if there exists h = (m^, ...,m*) G A®* such that 

V = T^h - h. (6.38) 

Since S" is a t-cycle, it is readily seen that for a given v equation (|6.38p has a solution 
h if and only if 

t 

J2v' = 0. (6.39) 

i=l 

Thus, B G Z = A®* consists of all the elements v = {v^,...,v^) G A®* that satisfy 
()6.39p . Joined with ()6.37|) . this completes the proof of statement (6). □ 



7. HOMOMORPHISMS ^ S(n), B'^ B„ AND Bfc S(n), n < 2/s 



69 



7. Homomorphisms — > S(ri), B'^, ^ Bn and 5^ — > S(n), n <2k 
Here we prove Theorems A(c), E, F, and G. Our first goal is Theorem E(a). 

7.1. Homomorphisms B^ S{k + 1). We start with the following obvious 
property of retractions Q. 

Lemma 7.1. Let ip: Bj. ^ be a homomorphism, and let C = {Ci, Ct} be the 
r-component of the permutation ai. Assume that either t<k — 2^Aort<2. Then 
the homomorphism Q = Qir is cyclic, i. e., there exists a permutation g G S(C) = S(t) 
such that 



whenever 1 < i < k — 3 and 1 < m < t. 

Proof. The case t < 2 is trivial. If t < A; — 2 7^ 4, is cyclic by Theorem 



The next lemma might be proven by a straightforward (but rather long) computa- 
tion. Instead, we use the cohomology approach in order to show how it works in the 
simplest case. 

Lemma 7.2. Assume that 3 < A; 7^ 4. Let tp: Bk ^ S(n) be a non-cyclic homomor- 
phism such that \ai] = [2,2]. Then n > k + 2. Moreover, 

a) if n < 2k, then the homomorphism ip is conjugate to the homomorphism 



ct)):l: {2i-l,2i + l){2i,2i + 2), l<i<k-l, 0^,; ~ /^fc x /i^ x l„_2fc; 



c) in any case the homomorphism if) is intransitive. 

Proof. For /c = 3, all the assertions follow from Lemma 12.121 Let k > A and 
let di = C1C2, where Ci = (1,3), C2 = (2,4) ^; so C = {Ci,C2} is the only non- 
degenerate component of ai, with S = supp C = {1,2,3,4}. The corresponding 
retraction Q: Bk-2 S(2) is cyclic; hence either VL is trivial 01 Vt = {2}. 

Suppose first that VL = {2}. Then Theorem l(j . 1 71 shows that the cocycles ZQ{si) = 
(0,0) e (Z/2Z)®2 and Zi{si) = (1,0) G (Z/2Z)®2 (1 < z < - 3) represent all the 
cohomology classes. It follows from Lemma lFl^ that the fi-homomorphism (f^ : -Bfc_2 
G C S(4) (up to //-conjugation) coincides with the homomorphism e = poVt, £{si) = 

(1.2) (3,4) for alH (the second possibility, namely, ^^{si) = Ci(l,2)(3,4) = (1,2,3,4) 
for alH < — 3, cannot occur here, since [ai+2] = [2,2]). This means that aj+2|S = 

(1.3) (2,4), and the condition [aj+2] = [2,2] implies that aj+2 = (1,3)(2,4) for all 
i < k — 3. Hence ip is cyclic, contradicting our assumption. 



'Here we choose this normahzation of -0 instead of the usual Ci — (1, 2), C2 — (3, 4). 




(7.1) 



EUa). 



□ 
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Thus, is trivial and any fi-homomorphism is just a homomorphism of to 
H . There are precisely four such homomorphisms 0j, < j < 3, which are defined as 
follows: 



Therefore we may assume that the homomorphism ^p^ coincides with one of the ho- 
momorphisms 0j, j = 0, 1, 2, 3. 

If ip^ = 00; then aj+2|S = f^{si) = 4>o{si) = 1. Hence all the permutations 
a3,...,afc_i are disjoint with ai, and we may assume that = (5, 7)(6,8). The re- 
lations a20oai, a20oa3 and Lemma ?2.l'2\ imply that (up to a ai- and aa-admissible 
conjugation) ^2 = (3,5)(4,6). Since suppa4 fl {1,2,3,4} = and ^4^2 = 020^^ 
Lemma [2.111 shows that supp fl supp '02 = 0', in particular, 5,6 ^ suppa4. Since 
a40oa3, it follows from Lemma [2. 121 that = (7, 9) (8, 10) (up to conjugation that is 
aj-admissible for all i < 3). By induction, we obtain that n>2k and "0 ~ 0^^- 

The homomorphisms 0i, 02 are not if-conjugate; however they are G-conjugate; 
thus, it is sufficient to handle the case ip^ = 0i- In this case Ci ^ ai for all i 7^ 2; hence 
ai = CiDi, where every Di is a transposition disjoint with Ci and C2. Since a2ai = 
?4?2, we have a2CiD4a^^ = CiD^. The relation aiooa2 implies that a2Cia^^ = Ci. 
(For otherwise, a2Cia2^ = D^, and the supports of ai and ^2 have exactly two common 
symbols belonging to the transposition Ci; however, this contradicts Lemma 12.121 ) 
Hence the set Si = supp ai is CT2-invariant. The relations a20oai and as] Si = Ci 
imply that a2|Si = Ci. Thus, Ci ^ a2. Taking into account that > 4, it is easy to 
see that n > k + 2 and ip ~ 0^,^^. 

Finally, if ip^ = 03, we have ai+2|s = f^i^i) = 4>3{si) = (1,3) (2, 4) for all i < 
k — 3. But [aj+2] = [2,2]; hence aj+2 = (1,3)(2,4) for alH < A; — 3 and ip is cyclic, 
contradicting our assumption. Thereby, statements (a) and (6) of the lemma are 
proven. The statement (c) is a trivial corollary of (a) and (6). □ 

Remark 7.3. Letip: B4 — S(n) be a non-cyclic homomorphism such thatai = [2,2]. 
Then, besides the possibihties described in statements (a) and (b) of Lemma U.'A only 
the following four cases may occur: 

4c) n > 5 and Ad) n > 6 and 



0o(Sj) 



1; 0i(si) = Ci; 4>2{si) = Q 



2; Hs^) = ClC2 il<i<k-3). 





4e) n > 6 and 



4/) n > 7 and 




All these homomorphisms except of the homomorphism (f)\ g are intransitive. 
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Notice that the homomorphism (j)] 
in (j4.4|l (see also Proposition 14 .(ij) . 




Theorem 7.4. a) Any transitive homomorphism ip: Bk ^ S{k + 1) is cychc whenever 



b) Let k > 5 and i/): Bk ^ S{k + 1) be a non-cychc homomorphism. Then either 
ip is conjugate to the homomorphisms = yUfc x li : 5^ S(/c + 1) or k = 6 and ip 
is conjugate to the homomorphism Uj = uq x li: Bq ^ S(7), where uuq is the Artin 
homomorphism. 

Proof, a) Suppose first that for some k > 7 there exists a non-cychc transitive 
homomorphism ip: Bk —>■ S{k + 1). It is very well known that there is a prime p such 
that {k + l)/2 < p < k — 2 (see Remark 12. 29^ : by Lemma 12.271 the permutation ai 
has at least k — 2 fixed points. Therefore # supp ai < 3; thus, either [ai] = [2] or 
[ai] = [3]. However this contradicts Lemma [2.251 

Assume now that there is a non-cyclic transitive homomorphism ip: Bq ^ S(7). 
Let T = Q?3^6 = S'3a4a5 G S(7). We apply Corollarv 12.201 with i = 3, j = 6 (so, 
j — z + 1 = 4) and obtain that 4 divides ord T. Hence the cyclic decomposition of T 
contains precisely one 4-cycle C. The permutation ai commutes with T and Lemma 
I2.7r &) implies that ai \ suppC = for some integer q, < q <3. Let us consider all 
these possibilities for q. 

If g = 0, then suppC C FixfJi and 7^ supp cti < 3, which contradicts Lemma f2. 251 

If g = 1 or g = 3, then [C^] = [4] and C"^ =^0^1, contradicting Lemma f2.24f a) (with 
A; = 6, n = 7, r = 4 > 7/2 = n/2). 

Finally, let g = 2. Then = [C^] = [2,2] and 4 ^i- If ^1 7^ C\ then either 
[ai] = [2, 2, 2] and ai has a unique fixed point, or [ai] = [2, 2, 3] and ai has a unique 
invariant set of length 3 (the support of the 3-cycle); however this contradicts Lemma 
12.231 Hence ai = C"^ and [ai] = [2,2], contradicting Lemma f7. 2( c). 

b) Since ip is non-cyclic and (by the statement (a)) intransitive. Theorem I3.1f a) 
shows that the group G = Imip C S{k + 1) has exactly one orbit Q of length k and 
one fixed point. Hence ip is the composition of its reduction ipq: Bk ^ S(Q) = S(/c) 
and the natural embedding S{Q) "-^ S{k + 1). Clearly, ipg is a non-cyclic transitive 
homomorphism, and Artin Theorem shows that (up to conjugation of ip) either ipQ = 
fik or k = 6 and ipQ = ^6- This gives the desired result. □ 

7.2. Certain homomorphisms of the commutator subgroup B^.. Our next 

goal is Theorem A(c). For any A; > 4, we have the embedding A'^: Bk-2 — > -B^ 

defined by i— > Cj = o"j+2crf^, 1 < i < A; — 3 f Remark II. lip . Recall also that the 

multiple commutator subgroups H^"^^ of a group H are defined by H^'^^ = H and 
ff{n) ^ (^H{n~i)y for n>l. 

Lemma 7.5. Let k > 4 and let ip : B'^ ^ H be a group homomorphism; consider the 
composition (p = ip o \'^: Bk-2 — ^ B'^. H. 



k>5. 
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a) Im0 C Imtp C for aiij n > 0. 

h) Assume that either {i) = for some q that satisfies 2<q<k — 3or 

(ii) (pi-Si^) = 0(53). Then is trivial. In particular, if (j) is cydic, then is trivial. 

Proof, a) Since k > 4, the group B'^ is perfect; hence B'^ = (5^)^"^ for any n > 0. 
Therefore, lm(j)Clm^p = ^{B'^) = C i/W for any n>0. 

b) Clearly, 4>{si) = '?/'(A'^(sj)) = ip{ci); thus, (i) means ip{ci) = ip{cq) and (u) means 
tjj{ci^) = tpics). Hence, to prove the lemma, it is sufficient to show that the system 
of relations i|i.i6]) - ilJ.23)) joined with one of the relations (ig) c\ = Cg, (Us) cj~^ = C3 
defines a presentation of the trivial group. This is a simple exercise, and we only 
sketch the proof. 

Assume that (ig) is fulfilled. Then fll.2H) implies vciv~^ = ciu^^; by ()1.18|) . this 
shows that = wu. Now implies uc\u~^ = w"^, which leads to w'^ = uv and 

u = w. Using once again, we obtain uciU~^ = w = u; hence Ci = u = w. In 

view of (jl.l7j) . this means that Ci = u = w = 1. Braid relations (|1.22j) . (jl.23|) and the 
relation Ci = 1 imply that c, = 1 for all i. Finally, (jl.2Up shows that u = 1. 

Assume that = C3. Then fll.21|) implies vciv~^ = uci; taking into account 
()1.18p . we obtain uci = c]^^w. Then p.l6p leads to uwu'^^ = wuw. Using this and 
()1.17|) . we obtain Ci = u^^w, and ()1.16|) shows that u = 1 and w = C\. These relations 
and (jl.l7|) imply Ci = w = 1, and relations ()1.22p . ()1.23|) show that Q = 1 for all i. 
Finally, from ()1.20j) we obtain v = \. □ 

Lemma 7.6. Consider a homomorphism ip : B'q ^ S{5) and assume that the compo- 
sition (f) = ip o X'^: B4 "-^ B'q ^ S{5) is intransitive. Then ip is trivial. 

Proof. In view of Lemma [73^6), it is sufficient to show that = ^(ss). Set 

G = Im0 C S(5) and consider all G-orbits S C A5 and all the reductions 

of to these orbits. By our assumption, < 4 for any G-orbit E. If all the 
reductions are cyclic, we are done. Assume that there is a G-orbit S with the non-cyclic 
reduction 0s; then E is the only orbit with this property and #S > 3. If #E = 3, then 
Theorem I3.19f a) implies that 0s(si) = 0s(s3); in fact, we have 0(si) = 0(53) (since 
the reduction to any other G-orbit is cyclic). Finally, assume that #S = 4. By Lemma 
I7.5f a). G = Im0 C S'(5) = A(5); hence G contains only even permutations. The set 
A5 — S consists of a single point that is a fixed point of G. It follows that the image 
of the non-cyclic transitive homomorphism 0s : -B4 — >■ S(E) = S(4) contains only even 
permutations. This property and the sentence (c) of Artin Theorem imply that 0s is 
conjugate to the homomorphism z/4^3; thus, 0s(si) = 0s(s3) and 0(si) = 0(^3). □ 

Theorem 7.7. If k > 4 and n < k, then the group B'^, does not possess non-trivial 
homomorphisms to the groups S(n) and B^. 

Proof. Consider first a homomorphism -0: 5^ — S(n). By Lemma [73ta), we 
have Imip C S'(n) = A(n); in particular, the homomorphism ip cannot be surjective. 
The case n < 5 is trivial, since for such n the alternating group A(n) is solvable and 
the group B'f, is perfect. So we may assume that 4 < n < k and k > 5. 
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Consider the composition = -j/^oA'^: -Bfc_2 — ^ -B^ — ^ S(n). By Lemma 1731 6). it 
is sufficient to prove that is cychc or at least satisfies the condition 0(si) = 0(53). If 
k > 6 and n < k — 2, then is cychc by Theorem 13 .If a). Hence we must only consider 
the following three cases: i) k = Q and n = 5; ii) k > 6 and n = k — 2; in) k > 6 
and n = k — 1. 

i) In this case we deal with the homomorphism 0: i?4 — > S(5). If is intransitive, 
then the conclusion follows by Lemma 17.61 If is transitive, then Lemma 14.31 shows 
that 0(si) = 0(53). 

ii) In this case we deal with the homomorphism 0: -Bfc-2 S(A; — 2). As we 
noted above, the homomorphism ip cannot be surjective; hence is non-surjective and 
Lemma [3.81 implies that is cyclic. 

Hi) In this case we deal with the homomorphism 0: -Bfc-2 S{k — 1). We shall 
consider the following two cases: iiii) the homomorphism is intransitive; iii2) the 
homomorphism is transitive. 

1111) In this case we may also assume that the image G = Im0 C S{k — 1) has 
at least one G-orbit S C Afc_i such that the reduction 0s is non-cyclic. Since 
is intransitive, it follows from Theorem 13. If a) that ^^S = k — 2; certainly, S is the 
only orbit of such length. By Lemma 17.51 (a), G = Im0 C S'(A; — 1) = A{k — 1); 
hence G contains only even permutations. The set Afc_i — S consists of a single point 
which is a fixed point of G. This implies that the image of the non-cyclic homomor- 
phism 0s: -Bfc-2 = S(A; — 2) contains only even permutations. However this 
contradicts Lemma [3.81 

1112) If k > 7, then k — 2 > 5 and is cyclic by Theorem I7.4r a). Finally, if 
k = 7, then n = k — 1 = 6 and we deal with the transitive non-cyclic homomorphism 
0: i?5 — s> S(6). By Proposition I4.1U1 must be conjugate to the homomorphism 
ip5fi- However, this is impossible, since the ipbfi is surjective and Im0 C A(6). This 
concludes the proof for homomorphisms B^. S{n). 

Consider now a homomorphism f'-B'i, En- As we have already proved, the 
composition ijj = fi o ip: B'j^ Bn — ^ S(r7,) of the homomorphism with the 

canonical epimorphism yU must be trivial. Therefore, ^{B'^}) C Ker /i = PBn- By 
Corollary 11.61 the perfect group B'^. does not possess non-trivial homomorphisms to 
the pure braid group PBn'-, hence the homomorphism ip is trivial. □ 

Remark 7.8. The groups B'^ and B'^ have many non-trivial homomorphisms to any 
(non-trivial) group. Moreover, for any /c > 3 and any n > k there exist non-trivial 
homomorphisms -B^ — > S(n) and — >■ Bn- This shows that the conditions k > 4 and 
n < in Theorem 17.71 are, in a sense, sharp. Theorem 17.71 implies Theorem 13.11 for 
k > 4. However, we could not skip the proof of Theorem 13 . II since the latter theorem 
was used essentially (and many times) in the proof of Theorem 17. 71 Note that Theorem 
13. 11 would hardly help to prove very useful Proposition 17. lUl while Theorem 17 . 71 works 
perfectly. 
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Now we are almost ready to prove Theorem G (see Proposition 17. lUl below) . 

Lemma 7.9. Let n <2k and let ip: B —>■ S(n) be a transitive group honioniorphism. 

a) Assume that for every m < k the commutator subgroup B' of B does not admit 
non-trivial homomorphisms to S(m). If ip is imprimitive, then it is abehan. 

b) Assume that for every m < k the group B itself does not admit non-trivial 
homomorphisms to S(m). Then the homomorphism ip is primitive. 

Proof. The statement (a) presumes that ip is imprimitive; to treat [b) simul- 
taneously with (a), we assume that ip is imprimitive and show that this leads to a 
contradiction. 

Let An = Qi U ■ ■ ■ U Qt, t>2, be some decomposition of A„ into imprimitivity 
sets of the group G = Imip C S{n). Since ip is transitive, ^Qi = ■ ■ ■ = iPQt = r, 
where r > 2 and rt = n. Clearly, 

2<t <k and 2<r <k. (7.2) 

Consider the normal subgroup H <\ G consisting of all elements h E G such that every 
set Qi is /i-invariant. Thus, we have the exact sequence 

l^H^G^G^l, (7.3) 

where vr is the natural projection onto the quotient group G = G/H. This quotient 
group, in turn, possesses the natural embedding G ^ S({(5i, Qt}) — S(t). Consider 
the composition 

^=7roil;: B ^G ^G, G C S(t). 

Clearly, ip is surjective. 

Under the assumptions made in the statement (6), the homomorphism ip must 
be trivial; this means that the quotient group G is trivial and hence H = G. It 
follows that every set Qi is G-invariant. However this contradicts the transitivity of 
the homomorphism tp. 

Under the assumptions made in the statement (a), the restriction of ip to the 
commutator subgroup B' must be trivial; hence, ^p■. B —>■ G is a. surjective abelian 
homomorphism, and the group G is abelian. Thereby, the exact sequence ()7.3p shows 
that the commutator subgroup G' of G is contained in H. In particular, we have 

^{B') ^G' CH. (7.4) 

Every Qi is if -invariant, and ()7.4|) shows that the restriction ip' = tp\B' ^ G' H 
may be regarded as the disjoint product of the reductions 

: B' -> S(Q,) - S(r), 1 < ^ < t, ^'Q^b) = {^'{b))U for all b E B' . 

In view of ()7.2|) . each homomorphism ipQ_ is trivial. Hence the homomorphism ip' = 
ip\B' is trivial, and our original homomorphism ip is abelian. □ 

Proposition 7.10. Let k > A and n < 2k. Then 

a) Any transitive imprimitive homomorphism ip\ B^ —>■ S (n) is cyclic. 

b) Any transitive homomorphism ip' : i?^ — > S (n) is primitive. 
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Proof. Both (a) and (6) are immediate consequences of Theorem 17.71 and the 
corresponding statements of Lemma 17.91 (with B = when proving (a) and B = B'^ 
when proving (6)). □ 

7.3. Homomorphisms Bk —>■ S(A; + 2). Here we prove Theorem E(6) (see Theo- 
rem [7201 below). To this end, we need some preparation. In the following lemma, ipi 
is the homomorphism exhibited in Corollarv I6.1UI fwith n = k). 

Lemma 7.11. Let 6 < k < n < 2k and let ip: Bk ^ S(n) he a transitive non- 
cyclic homomorphism. If # supp ai < 6, then n = 2k, ai is a 4-cycle, and the 
homomorphism ip is conjugate to the homomorphism ipi. 

Proof. A priori, we have the following 6 possibilities for the cyclic type of di. 

[ai] = [2]; [2,2]; [2,3]; [3]; [4]; [5]. 

The types [2], [3], and [2,2] are forbidden by Lemma 12.251 and Lemma f7.2f c) respec- 
tively. Let us note that E{n/E{k/2)) < E{2k/E{k/2)) < 4 for any A; > 6; hence the 
inequality of Lemma 1^.261 eliminates the types [2,3] and [5]. 

So, we are left with the type [ai] = [4]; in this case [ai] = [4] for all i. Put 
Sj = supp ai. The first statement of Lemma r2.26l savs that Sj fl = for \i — j\ > 2; 
in particular, Sj fl Sj_|_2 = for 1 < i < k — 3. Since ip is non-cyclic, we have 
ai+ioodi, aj+icxDai+2, and all three permutations are 4-cycles. The set Ej+i cannot 
coincide with one of the sets Sj, (for otherwise, a^+i would be disjoint with one 
of the permutations ai, aj+2). Hence Lemma 12.161 implies that #(Si fl Sj+i) = 2 
and #(Sj n Sj+2) = 2. It follows immediately that for any m < k — 1 the union 
El U E2 U . . . U Em ^ A„ consists of 4 + 2(m — 1) points. In particular, for m = k — 1 
this union consists of 4 + 2{k — 2) = 2k > n points; so, n = 2k. Without loss of 
generality, we may assume that ai = (1, 4, 2, 3). It follows from Lemma [2.161 and from 
what has been proved above that we may assume that ^2 = (3,6,4,5) (any of other 
possibihties can be reduced to this case by a ai-admissible conjugation of '0). Taking 
into account the above arguments and the property Ei fl E3 = 0, we obtain that (up 
to an admissible conjugation) a^ = (5, 8, 6, 7), and so on. Hence ip ipi. □ 

Lemma 7.12. Let k > 6 and let ip: B^ ^ S(r;,) be a homomorphism such that all 
components ofai {including the degenerate component Fixai) are of lengths at most 
k — 3. Then ip is cyclic. 

Proof. If di = id, then ip is trivial. So, we may assume that for some r > 2 the 
permutation ai has the r-component C of some length t > 1. Put Eg; = supp € and 
consider the retraction flir: Bk-2 S(C) = S(t) of ^/^ to C (see Sec. EI). According to 
our assumptions, we have k — 2 > 4 and t < A; — 2; by Lemma 17.11 Q(t is cyclic. It 
follows from Theorem I6.17r a) that the fi^-homomorphism (fj:^ : Bk-2 Gir C S(rt) 
is also cyclic. This means that ipT.^{si) = . . . = (^^^.(sfc-s), and thus 

aalEe; = . . . = afc_i|Ee;. (7.5) 

Put E = [Jg-Eg, where C runs over all the non-degenerate components of ai; clearly, 
E = supp ai. The sets E and E' = Fixai = A„ — E are invariant under all the 
permutations ^3, ...,ak-i. Since (j7.5|) holds for every non-degenerate component ^ of 
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ai, it follows that there is a permutation S G S(S) such that a-^lH = . . . = = 
S. By our assumption, the degenerate component S' = Fixai contains at most k — 3 
points: 

= #FixCTi < A;-3. (7.6) 
Set S'^ = ?j|S', 2 = 3, A; — 1. Clearly, 

a j = S* ■ S'i for all i = 3, k — 1. (7.7) 

For any i = 3, ...,k — 1, we have supp S fl supp 5^' = 0; hence it follows from ()7.7|) 
that the permutation S'^, S'f,_i satisfy the standard braid relations S'^Sj = S'jS'^ for 
> 1 and SiS'j^_^_iSl = Sl_^_iSlSl^i ior 3 < i < k — 1. This means that we can define a 
group homomorphism 0: -Bfe_2 S(S') by 0(sj) = Sl_^_2, = 1, A; — 3. By Theorem 
I3.1f a). condition (j7.6j) implies that this homomorphism is cyclic. Hence S'^ = . . . = 
S'f^_^. In view of (j7.7j) . this shows that = . . . = ^k-i and the homomorphism ip is 
cyclic. □ 

The following lemma supplies the upper bound t < A; — 2 for the length t of any non- 
degenerate component of every permutation (provided 6 < k < n < 2k and ip is 
non-cyclic). In fact Theorem 17.261 shows that t < (/c + l)/2; however, we are not ready 
to prove the latter statement now. 

Lemma 7.13. Let 6 < k < n < 2k and let ip: ^ ^(n) be a homomorphism such 
that the permutation ai has a non-degenerate component € of length t > k — 3. Then 
ip is cyclic. 

Proof. Suppose to the contrary that if) is non-cyclic. The assumptions n < 2k 
and t > k — 3 imply that C is the 2-component of ai. Put S = supp £ and E' = A„ — E; 
so #S = 2t and = n — 2t < 2k — 2{k — 2) = 4. Since k > 6, any homomor- 
phism Bk^2 *S'(S') is cyclic (Theorem E^a)). In particular, the homomorphism 

is cyclic, and Lemma 15.51 implies that the homomorphisms Q: -Bfc-2 S(t) and 
(p^ : Bk-2 G C S{2t) must by non-cyclic. 

We may assume that the homomorphism ip is normalized; this means that 

S = {1, 2, . . . , 2t}, = Ci ■ ■ ■ Ct, where Cm = (2m — 1, 2m) for m = 1, . . . , t. 

Clearly, t < A; — 1; so, either t = k — 2 or t = k — 1. Therefore, we must consider the 
following three cases: 

i) t = k — 2 and ai is a disjoint product of A; — 2 transpositions; 
ii) t = k — 2 and ai is a disjoint product of A; — 2 transpositions and a 3-cycle; 
Hi) t = k — 1 and ai is a disjoint product of A; — 1 transpositions. 

i) In this case we deal with the non-cyclic homomorphisms Q: Bk-2 S(A; — 2) 
and (p^ : Bk-2 —>■ G G S{2k — 4). By Artin Theorem and Theorem 13.91 either 

ia) ^ is conjugate to the canonical epimorphism fi: Bk-2 —>■ S{k — 2) 

or 

ib) k = 8 and Q is conjugate to Artin's homomorphism uq: Bq —>■ S(6). 
We shall show that these cases are impossible. 
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Zq) In this case, without loss of generahty we may assume that Q = fi (see Re- 
mark 15. Then the homomorphism ip^ must be if-conjugate to one of the four 
/x-homomorphisms ipj : -Bfc_2 — > G C S(2A; — 4), j = 0, 1, 2, 3, hsted in Corollary 16.101 
(with n = k — 2). 

The homomorphisms (pQ,(pi, ip^ may be eliminated by trivial reasons. Indeed, if cp^ 
is conjugate to one of v^o; V^i; then the support of aj+2|s = f^^isi) consists of 4 points; 
however, #suppaj+2 = #suppai = 2k — 4, and the rest 2k — 8 points of suppaj+2 
must be situated in the set S' containing at most 3 points, which is impossible. If 
V^E ~ V^3; then the cyclic decomposition of ai+2\T. = fsi^i) contains a 4-cycle; but this 
is not the case, since di^2 ~ S^i. 

By condition (!!!) (see Declaration that follows Remark 15. 6|) . we may assume that 
(f^ coincides with (^2- Then any permutation ai+2|s = V's('Sj) = ^2(^1) is a product 
of A; — 2 disjoint transpositions. However aj+2 itself is such a product; therefore, 
aj+2 = v^2('Si). In particular, for i = 1 and i = k — 3, we obtain 



as = (l,3)(2,4)(5,6)---(2A;-9,2A;-8)(2A;-7,2A;-6)(2A;-5,2A;-4) and 
dk-i = (1, 2)(3, 4)(5, 6) ■■■{2k- 9, 2k - 8) {2k -7,2k- 5){2k -6,2k- 4) 

respectively. Using these formulae and computing the permutations ■ C ■ for 
some particular transpositions C ^ o^k-i, "we obtain: 

0^3(1, 2)^3-^ = (3, 4), as{2k -7,2k- 5)a^^ = {2k -6,2k- 4), 
0^3(3, 4)^3-^ = (1, 2), a3(2A; -6,2k- A)a^^ = {2k -7,2k- 5). 

In view of our definition of the homomorphism Q*, these formulae show that the 
cyclic decomposition of the permutation fi*(si) G S(€*) = S{k — 2) must contain at 
least two disjoint transpositions. On the other hand, since Q ^ fi, the permutation 
fi(si) ~ /i(si) is a transposition; hence fi*(si) 7^ f^(si), contradicting Lemma f5.3f a). 

ib) We may assume that Q = ug (see Remark 15. 6|) . Then the homomorphism ip^ 
must be if-conjugate to one of the two z/g-homomorphisms (pj'- Bq ^ G ^ S(12), 
j = 0, 1, listed in Corollarv 16.121 We may assume that (p^ coincides with one of the 
homomorphisms (f)j. Then any permutation aj_|_2|E = = •••5 5, is a product 

of 6 disjoint transpositions. Since ai+2 itself is such a product, this means that either 
ai+2 = 4>o{si) or ai+2 = 4>i{si) for all i = 1, 5. 

In each of these two cases the permutations 4>j{si) and 0^(55) contain two common 
transpositions, namely, D5 = (9, 11) and Dq = (10, 12). Hence the conjugation of the 
six transpositions ^0^7 = (t)j{s^) by the permutation ^3 = 0j(si) does not change 
these transpositions and Dq. Consequently, the permutation f2*(si) G S(C*) = S(6) 
(defined by this conjugation) has at least two fixed points. However this contradicts 
Lemma inSla), since the permutation VL{si) = i'6{si) = {Ci,C2){C3,C4){C5,Cq) G 
S(C) = S(6) has no fixed points. This concludes the proof in case {i). 
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a) In this case 2k > n > ^ supp ai = 2{k — 2) + 3 = 2A; — 1; so, = 2fc — 1 and ai 
has no fixed points. Hence S' (the support of the 3-cycle) is the only ai-invariant set 
of length 3 and, by Lemma (2.231 ip is intransitive. Clearly, ip is the disjoint product 
of its reductions ip^. and ip-E> to the (Im'i/')-invariant sets S and S' respectively. 

The homomorphism ipj^/ is cyclic {k > t^S'). As to the homomorphism 

^ = V^s:5fc^S(S) = S(2A;-4), 
it must be non-cyclic (since ip is non-cyclic). Clearly, the permutation 

^(cTi) = V's(cri) = V^(o-i)|S 

is a product of A; — 2 disjoint transposition. However, it has been already proven that 
this is impossible (see case (i)). 

Hi) In this case either n = 2A; — 2 or n = 2A; — 1, and the set E' contains at most 
1 point. We deal with the non-cyclic homomorphism Vt: Bf,_2 — > S(/c — 1). It follows 
from Theorem 17.41 and Proposition 14.101 that either 

iiia) ^ is conjugate to the homomorphism 

= X li: Bk-2 S{k - 1), 

or 

iiib) k = 7 and Q is conjugate to the homomorphism ip^^: i?5 S(6). 

Let us show that these cases are impossible. 

iiia) Again, we may assume that n = yU^I^. Then the homomorphism Lp^ must be 
if-conjugate to one of the eight homomorphisms ipo-j, V'ly; 

ipo-j = (fj X I2, ipi-j = (fj X {2}, j = 0, 1, 2, 3, 

listed in Corollarv 16.141 (with n = k — 2). 

The homomorphisms ipx;o, i^x-,!, '^x;3 = 0, 1) may be eliminated as in case [ia)- 
Indeed, if (p^ is conjugate to one of ipx;i, 4'x;3, then the cychc decomposition of ai+2|s = 
V9j,(si) contains a 4-cycle, which is impossible (for ~ o'l)- If ~ 4'x;0, then 
either [ai+2|E] = [2,2] or [aj+2|s] = [2,2,2]. Since ai+2 is a disjoint product of k — 1 
transpositions, at least {k — 1) — 3 = k — 4 of them must be situated on the set E' 
containing at most 1 point, which is impossible. 

So, we may assume that the homomorphism (f^ coincides with one of the homo- 
morphisms ipx-2, a; = 0, 1. In any of these two cases 

ai+2|S = (f^iSi) = 1px;2{Si) = 'P>2{Si) ■ T"", 

where T = (2k — 3,2k — 2). Hence aj+2 = V^2(sj) ■ for alH = 1, — 2. For i = 1 
and i = k — 3, we have respectively, 

0=3 = (1, 3)(2, 4)(5, 6) ■■■{2k- 9, 2k - 8){2k -7,2k- 6){2k - 5, 2A; - 4) ■ T^, 

ak-i = (1, 2)(3, 4)(5, 6) ■■■{2k- 9, 2k - 8) {2k -7,2k- 5){2k -6,2k- 4) -T^. 

^ ■' 
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?3(2A; -7,2k~ 5)d^^ = {2k - 6, 2A; - 4), 
a^{2k -6,2k- = {2k -7,2k -5). 

This implies that the cychc decomposition of contains at least two disjoint 

transpositions, which is impossible, since ^l{si) = /U^I^(si) = (1,2). 

iiib) In this case, we can assume that Q = ip^^: — >• S(6) and ip^ coincides with 
one of the four homomorphisms rjj : 'S'(12), j = 0, 1, 2, 3, exhibited in Corollary 

Ifj.lll We may certainly exclude the homomorphisms r]i,ri3 because of the 4-cycles 
presence. If ip^ = rjj, j = or j = 2, then, in fact, ai+2 = Vji^i) ^ = 1; 2, 3, 4. In 

both cases the permutations ?7j(si) and ^7^(54) contain the two common transpositions 
Di = (1,3) and D2 = (2,4); as in case (ib), it follows that the permutation fi*(si) e 
S(£*) = S(6) has at least two fixed points. However this contradicts Lemma [5.3r aV 
since the permutation fl{si) = 4'5fi{si) = (Ci, C2)(C3, C4)(C5, Cg) G S{(t) = S(6) has 
no fixed points. □ 

Corollary 7.14. Let 6 < k < n < 2k and let ip: B^ —>■ S{n) be a non-cyclic homo- 
morphism. Then the permutation ai has at least k — 2 fixed points. 

Proof. Lemma 17. 131 implies that ai does not possess non-degenerate components 
of length t > k — 3; combined with Lemma f7. 121 this shows that 7^ Fixai > k — 2. □ 

Remark 7.15. Corollary 17. 141 is a useful and powerful partner of Artin Fixed Point 
Lemma [2.271 U 6 < k < n < 2k and n is "far" from k, we cannot be sure that there 
is a prime number p between n/2 and k — 2 and Lemma 12.271 does not work, while 
Corollary 17. 141 applies. One should however take into account that Artin Fixed Point 
Lemma f2.27l plaved important part in the proof of Corollary 17. 141 fbv means of Artin 
Theorem, Theorem 13. If a). Theorem 17.41 Lemma f7. 121 and Lemma f7.13p . 

In order to study homomorphisms B^ S(A; + 2), we start with the exceptional cases 
k = 5 and k = 6. 

Remark 7.16. Note that for k > A there are the following evident non-cyclic homo- 
morphisms ip: Bk —* S{k + 2): 

= /ifc X I2 : 5fe ^ S(A; + 2); ^^^+2 = /^fc x {2} : Bk 
= z/6 X I2: 56^S(8); = 1/6 X {2}: 56 

7/;7^ = V^5,6xli:fi5^S(7), 

where ipt^^Q is defined by (|4.6|) or (j4.7|) . and is Artin's homomorphism. All these ho- 
momorphisms have the following property: the image of any generator is a product 
of disjoint transpositions. 

Proposition 7.17. Let tp: B^ ^ S(7) be a non-cyclic homomorphism. Then ip is 
intransitive and conjugate to one of the homomorphism ip^, tpj, (pj. In particular, 
every permutation di, 1 < i < A, is a product of disjoint transpositions. 



As in case {ia), 

^3(1,2)^3-1 = (3,4), 
a3(3,4)a3-i = (l,2). 



S(A; + 2); 
8(8); 
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Proof. Suppose to the contrary that ip is transitive. Then Lemma 12.261 imphes 
that if all the cycles C^, ^ ai are of the distinct lengths r^,, then ^ r,^ < 3. This elimi- 
nates all cyclic types for ai but [2], [3], [2,2], [3,3], [2,2,2], [2,2,3]. However, Lemma 
12.251 eliminates [2] and [3], Lemma f7.2f c) eliminates [2,2], Lemma f2. 231 eliminates the 
rest types, and a contradiction ensues. 

Further, since ip is non-cyclic and (as we already have proved) intransitive, the 
group G = Imip C S(7) has exactly one orbit Q of length L, 5 < L < 6; put 
Q' = A7 — Q. Clearly, either Q' is a G-orbit of length 7 — L or Q' consists of 7 — L 
fixed points. The homomorphism ip is the disjoint product of its reductions ipq and 
ijjQi. The reduction ipq is a non-cyclic transitive homomorphism i?5 — S{Q) = S{L). 
By Artin Theorem and Proposition 14.101 we obtain that (up to conjugation of ip) 
either L = 5 and ipq = fi^ or L = 6 and ipq = ip^^. The reduction ipQ' is either trivial 
or takes all o"j to the same transposition. This concludes the proof. □ 

In the sequel we use the following theorem of C. Jordan (see |Wielj . Theorem 13.3, 
Theorem 13.9 or [Hallj . Theorem 5.6.2, Theorem 5.7.2): 

Jordan Theorem. Let G C S(n) be a primitive group of permutations. If G contains 
a transposition, then G = S(n); if G contains a 3-cycle, then either G = S(n) or 
G = A{n). Moreover, if n = p + r, where p is prime, r > 3, and G contains a p-cycle, 
then either G = S(n) or G = A(n). 

Remark 7.18. The following fact (certainly, well known to experts in permutation 
groups) follows trivially from Jordan Theorem: 

Let G C S{n) be a primitive permutation group. Assume that either i) k < n and 
G contains a p-cycle of length p < 3, or ii) k = 6 and 8 < n < 9, or in) k = 7 and 
10 < n < 13. Then the group G cannot be isomorphic to S{k). 

Indeed, suppose to the contrary that G = S{k); then ^G = k\ < n\/2. Let us show 
that either G = S{n) ot G = A{n) (clearly, this will contradict the above inequality). 
In case (i) our statement follows immediately from Jordan Theorem. In all other cases 
the assumption G = S{k) implies that there is an element g E G of order p, where 
p = 5 in case [ii) and p = 7 in case [iii). It follows from the constraints on n that g is 
a p-cycle and r = n — p > 3. Hence the last sentence of Jordan Theorem shows that 
either G = S{n) or G = A(n). 

Proposition 7.19. Any transitive homomorphism ip: ^ S{8) is cychc. 

Proof. Suppose that ip is non-cyclic. We claim that then any cycle G =4 o^i niust 
be a transposition, that is, af = 1. If this is the case, then af = 1 for all i and 
hence PBq C Kerip. Therefore, there is a homomorphism 0: S(6) S(8) such that 
ip = (j) o fiQ. Since /xe is surjective, we have G = Imip = Im0 C S(8). The group G 
is transitive and non-abelian, and the group S(6) has no proper non-abelian quotient 
groups; hence G = S(6). Moreover, by Proposition 17. lOf a) . the group G is primitive. 
These properties contradict Jordan Theorem (see Remark 17. 18|) . 

To justify the above claim, assume, on the contrary, that af 7^ 1, and let us find out 
the possible cyclic types of ai. Certainly, ai cannot contain a cycle of length > 4 (say 
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by Lemma f2.24r a)). Since E{8/ E{6/2)) = 2, Lemma f2.2fil shows that if all the cycles 
^ ?! are of distinct lengths, then ai is a transposition (in fact, this is forbidden by 
Lemma 12123) ; so, we may assume that (*) ai contains at least two cycles of the same 
length. Under this assumption. Lemma \2.24{ b) shows that if ai contains a 4-cycle, 
then either [ai] = [4,4] or [ai] = [4,2,2]. Moreover, (*) and Lemma f2 .231 eliminate all 
cyclic types with a 3-cycle. This shows that (**) either [ai] = [4,4] or [ai] = [4,2,2]. 
Consider now the permutation A = q?3 5 = ^3^4^. By Corollary 12.201 (with i = 3 and 
j = 5), Old A is divisible by 3; hence only the following cyclic types of A may occur: 

[3], [3,2], [3,2,2], [3,3], [3,3,2], [3,4], [3,5], [6], [6,2]. 

Since ai satisfies (**) and commutes with A, Lemma f2.7r &) eliminates all cyclic types 
but [3, 3] and [3, 3, 2] (were A of any other of the listed above types, di would contain 
either a power of a 3-cycle or a power of a 6-cycle; however this contradicts (**)). The 
same argument eliminates the type [ai] = [4, 2, 2] (a power of a 4-cycle cannot occure in 
the cyclic decomposition of a permutation of cyclic type [3, 3] or [3, 3, 2]). Finally, the 
case [ai] = [4, 4] is also impossible; indeed, A has only one invariant set of length 2 (two 
fixed points for [A] = [3,3] and the support of a transposition for [A] = [3,3,2]); the 
latter set must be ai-invariant, which cannot happen if [ai] = [4,4]). This completes 
the proof. □ 

Theorem 7.20. a) Any transitive homomorphism ip : Bk S(A;+2) is cyclic whenever 
k> A. 

h) Let k > 4 and let ip : —>■ S{k + 2) be a non-cyclic honioniorphisni. Then either 
ip is conjugate to one of the homomorphisni '4'k+2' {this may happen for any 

k) or k = 5 and ip is conjugate to the homomorphism (f)^, or, finally, k = 6 and ijj is 
conjugate to one of the homomorphisms (pl, (p^. 

Proof, a) The cases k = 5 and k = 6 are already considered in Propositions 
17.171 and 17.191 assume now that k > Q and that the homomorphism tp is non-cyclic. 
By Corollarv 17.141 (a), the permutation ai has at least k — 2 fixed points, and thus 
# supp ai < {k + 2) — {k — 2) = 4. Hence only the following cyclic types of ai may 
occur: [2], [2,2], [3], [4]. However, [2], [3] are forbidden by Lemma [2,2] is 

forbidden by Lemma 17.21 (c). and [4] is forbidden by Lemma (2.261 since the numbers 
Rk = {k + 2)/E{k/2) satisfy E{Rj) = 3 for A; > 6 and E{Rk) = 2 for > 7. 

h) Since %p is non-cyclic and (by the statement (a)) intransitive. Theorem 13.11 ia) 
shows that the group G = \mip C. S{k + 2) has exactly one orbit Q of length L, 
k < L < k + 1] set Q' = — Q- Clearly, either Q' is a G-orbit of length + 2 — L or 
Q' consists of + 2 — L fixed points. The homomorphism %p is the disjoint product of 
its reductions ipq and ipqi. The reduction ipq is a non-cyclic transitive homomorphism 
Bk —>■ S{Q) = S(L). By Artin Theorem, Theorem [73] and Proposition 14. lUl we obtain 
that (up to conjugation of ip) either ipQ = fik, or = 5 and ipQ = or, finally, 
k = 6 and ipg = vq. The reduction ipQi is either trivial or takes all ai to the same 
transposition. This concludes the proof. □ 



82 Vladimir Lin 

7.4. Homomorphisms —>■ S(n), 6 < k < n < 2k. Our main goal now is to 
prove Theorem F(a) (see Theorem 17.261 below) . We prove this theorem by induction 
on k. Lemma (7.131 and Lemma f7.2 II enable us to pass from k to k + 2 (the inductive 
step) ; Lemma 17.221 and Lemma 17.251 provide a base of induction. 

Convention. Given a homomorphism tp: Bf^ ^ S(n), we use the following notation. 

We set 

ai = ij{cri), 1 <i < k - 1; T^i = suppaf, = Fixaf, 

N = i^T.i- N' = i^T.[- G = ImV^ C S(n). ^'^ 

Obviously, A^, A^' do not depend on i, and N + N' = n. Moreover, if k > 4, n < 2k, 
and the homomorphism ip is non-cychc, then G is a non-abehan primitive permutation 
group of degree n (see Proposition 17. 1U|) . We denote by 

0:Sfc_2-^i?^S(n) (7.9) 

the restriction of to the subgroup B = Bk-2 C B^ generated by cts, dk-i, and set 

H = Im0 CGC S(n). 

Since ai commutes with a^, ...,ak-i, the sets Si and Tj[ are H -invariant, and the 
homomorphism is the disjoint product (f x (f' of its reductions 

¥^ = 0Ei:5,_2^S(Si) = S(iV) (7.10) 

and 

^' = 0si : Bk-2 ^ S(S;) = S(iV') (7.11) 
to the sets Si and S'l respectively. We consider also the restriction 

0: Bk-2 ^B^ S{n) (7.12) 

of the homomorphism ip to the subgroup B = Bk-2 C Bk generated by di, ...,(Tfc_3. 
The homomorphism cf) is the disjoint product (fxif'of its reductions 

^ = 0E,_, : Bk-2 ^ S(Sfc_i) = S(iV) (7.13) 

and _ 

^' = : Bk-2 - S(St,) - S(iV') (7.14) 

to the sets Sjt_i and S'^^^^ respectively. □ 

Lemma 7.21. Let k > 6 and let ip: B^ ^ S(n) be a non-cyclic homomorphism. 
Assume that every non-degenerate component of di is of length at most k — 3 (this is 
certainly the case if 6 < < n < 2k; see Lemma f7.13p . Then the following statements 
hold true: 

a) The homomorphism (p = 0^1 is cyclic and the homomorphism (f' = 0^'^ Is non- 
cyclic. In particular, 

ai = SS^ for all i = 3,...,k — l, (7-15) 

where the permutation 

S = ip{a,) = a,|Si G S(Si) ^ S(iV) (7.16) 
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does not depend on i, and all the permutations 

S[ = </.'(a,) = G S(S;) - S(iV') (7.17) 

are disjoint with S and ai. 

b) The homoniorphisni ip = (f)T.k-i ^'s cyclic and the homoniorphism if' = ^ is 
non-cyclic. In particular, 

di = SS[ for all i = l,...,k-3, (7.18) 

where the permutation 

S = ^(or,) = G S(Sfc_i) = S(iV) (7.19) 

does not depend on i, and all the permutations 

Si = ^'(a,) = G S(SLi) = S(iV') (7.20) 

are disjoint with S and a^-i. 

c) Actually, S = S and S*- = S- for alii = 3, ...,k — 3. Moreover, if ip is transitive, then 
S = S = 1, di = S[ for i>3 {so every such di is disjoint with di), the homomorphism 
(p = is trivial, and the homomorphism ip' = ^^'^ coincides with the restriction cf) of 
ip to the subgroup Bk-2 C Bk generated by o"3, au-i- 

Proof, a) By Lemma [7?n for any non-degenerate component C = {Ci, Ct\ (of 
some length t, 1 < t < k — 3) the retraction 

n = nc: Bk-2 s(£) ^ s{t) 

is cychc. By Theorem I6.17r a). any fi-homomorphism Bk-2 C S(suppC) is 

cychc; in particular, the homomorphism v^suppc: -Bfe-2 ^ C S(supp€) is cyclic 
(recall that Gir is the centralizer of the element C = Ci • ■ ■ Cj in S(supp (t)). Thereby, 

V^suppe;(Sl) = . . . = V^supp£('5fe-3)- 

By the definition of v^suppc, we have 

ai+2|supp(2: = V^((Ji+2)|supp(£ = V5suppc(si) = V5suppc(si), i = 1, k - 3; 

hence the reduction 0suppc: Bk-.2 S(supp CC) of to the if-invariant set supp £ is a 
cyclic homomorphism. The homomorphism ip = 0Si is the disjoint product of all the 
reductions 0suppc, where C runs over all the non-degenerate components of ai. Hence 
ip is cyclic and the permutation S defined by (j7.16|) does not depend on i. Clearly, 
the permutations S[ {i = 3, k — 1) defined by (j7.17|) are disjoint with S and ai. 
Finally, the homomorphism ip' must be non-cyclic (for otherwise, S'^ = ... = 5'^_i and 
f|7.15p shows that ip is cyclic). 

The statement {b) follows by the same argument (one has just to work with the 
permutation a^-i and the sets S^-i, instead of ai. Si and respectively). 

c) The proof of this statement is an exercise in elementary set theory. By (a) and 
(&), we have 

supp 5 C Si = suppai, supp S'^ C S'^ = Fixai, 3 < i < k — 1, 
supp S C Sfc_i = suppafc_i, supp S- C S^_^ = Fixafc_i, 1 < i < k — 3. 
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Taking into account the representation for ai given by (j7.18|) . we see that 
supp S* C Si = suppai = (supp S) U (supp S[) 

and 

supp S[ C I][ = An — supp ai = An — ((supp S) U (supp S[)), 3 < i < k — 1. 
Hence 

(supp Si) n (supp S) = for 3 < i < A; - 1. (7.21) 
Completely analogously, using the representation for ak-i given by ()7.15p . we get 

(supp SI) n (supp S) = for 1 < i < A; - 3. (7.22) 

There are at least two i's such that 3 < i < k — 3 (since k > 6); for any such i, 
formulae (|7.15p . (j7.18p provide us with the two representations of in the form of 
disjoint products: 

SS'i = ai = SSI. (7-23) 

Obviously, d7T[|l . (TT^ . and (TT^ imply S = S and S^ = S'^ ioi 3 < i < k - 3. 
In view of (j7.15|) and (j7.18p , the set Q = supp S = supp S is invariant under all the 
permutations ai, ...,ak-i- Clearly, Q ^ An (for ai has at least k — 2 fixed points). If 
ip is transitive, the set Q must be empty, and we get S = S = 1. Hence = Si for 
3 < i < k — 1, (p = ip', and ai is disjoint with as, ...,ak-i- □ 

To get a base for induction, we study some homomorphisms of and Bg. 

Lemma 7.22. Let 7 < n < lA. Then any transitive homoniorphisni tp: Bj —>■ S{n) 
is cyclic. 

Proof. Suppose to the contrary that ip is non-cyclic. By Lemma 17.111 we have 
N = #Si = #supp ai > 6. Corollary ini shows that A^' = #S; = #Fix > 5. 
Hence 11 < iV + A^' = n < 13 and 5 < iV' < 7. 

By Lemma 17. 2ir a. c). all permutations as, ...,a6 are supported in the set and 
the non-cyclic homomorphism (p (that is, the restriction of ip to the subgroup in B^ 
generated by as, ag) coincides with its reduction 

<^' = 0si:55^S(S;) = S(iV'). 

Claim. Every permutation ai, 1 < i < 6, is a product of disjoint transpositions. 

It suffices to prove this claim for i > 3; let us deal with such i's. We consider 
the following three cases: N' = 5, N' = 6 and A^' = 7. If A^' = 5, then ip' must 
be transitive (otherwise, all orbits are of length < 5 and (p = (f' is cyclic); by Artin 
Theorem, any a^ is a transposition. If A^' = 7, Claim follows from Proposition 17.171 
Let A^' = 6. If ip' is intransitive, then its image in S(S'^) = S(6) has exactly one 
orbit Q of length 5 and one fixed point; Artin Theorem applies to the reduction of (p' 
to Q, and we see that any a^ is a transposition. Finally, if ip' is transitive, then, by 
Proposition 14.101 ip' ~ ip^^Q and every aj is a product of 3 disjoint transpositions. 

To conclude the proof of the lemma, we use the approach that was already used 
in the proof of Proposition 17.191 Claim shows that af = 1 for all i and hence the 
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non-abelian primitive group G = Imip G S{n) (7 < n < 14) is isomorphic to S(7); in 
view of Remark 17.181 this contradicts Jordan Theorem. □ 

To treat homomorphisms Bg, —>■ S{n), 8 < n < 16, we need the following fact. 

Proposition 7.23. a) Any transitive honioniorphisni ip: Bq ^ S(9) is cyclic. 

b) Any non-cyclic honioniorphisni ip : Bq ^ S{9) is conjugate to a disjoint product 
ipi y. ip2, where ipi \ B^ S(6) is either /ig or z/g, and ip2'- Bq S(3) is a cyclic 
honioniorphism. In particular, either every di is a disjoint product of transpositions 
or every di is a disjoint product of transpositions and a 3-cycle that does not depend 
on i. 

Proof, a) Suppose to the contrary that ip is non-cyclic. By Proposition 17. lUl (a) 
and Remark I7TR1 ^ 1. Using this and Lemmas 1223 12211 ESEl we can eliminate 
all cyclic types of ai but the following three: i) [2,2,3]; ii) [3,3]; in) [3,3,3]. Let 
us consider these cases. 

i) For i > 3, let a'^ be the restriction of di to the support of the 3-cycle C in ai; 
then, by Lemma 12.71 = < < 2. Clearly, Qi (for ?j has only 2 fixed 
points); hence all C^' are 3-cycles with the same support supp C. Now, C^^ is the only 
3-cycle in the cyclic decomposition of a^, and a2 commutes with a^. Hence the set 
suppC is (Imi/') -invariant, which contradicts the transitivity of ip. 

ii) In this case the 3-component C = {Co,Ci} is the only non-degenerate compo- 
nent of CTi and we have the corresponding retraction Q = Q^: B^ S(2). Clearly, 
either Q is trivial or all Q{si) coincide with the transposition (Co,Ci). In any case 
il(s^) = 1, which means that o'f_^_2Cja^_^2 = Q whenever j = 0, 1 and i = 1,2, 3; thus, 
aj^^_2|supp£ = Cq°'^C1°'' with some qj^i, < qj^i < 2. Because of [ai+2] = [3,3], this 
implies that for some pj^i, < pj^i < 2, the permutations themselves satisfy 

ai+2|supp C = C^'''C^''\ ^ = l,2, 3. (7.24) 

Since ^(Ag — supp C) = 3, the conditions [ai+2] = [3,3] and ()7.24|) show that the 
permutations ai+2, i = 1,2,3, commute with each other, which is impossible. 

Hi) In this case the only non-degenerate component of ai is the 3-component 
C = {Co,Ci,C2}, and we have the retraction Q = fl^: S4 — >• S(3). We consider the 
following two cases: iiii) fl is non-cyclic; iii2) ^ is cyclic. 

1111) In this case, by Theorem 13. 191 ~ /i3 o vr, where 71 : B4 ^ B^ is the canonical 
epimorphism. This means that all fi(sj) are transpositions; hence also f^(sf) are 
transpositions. Therefore, there is a value j, j = 0,1,2, such that d'^Cja^'^ 7^ Cj. 
However this contradicts the relation a| = 1. 

1112) In this case all Q{si) = A, where A G S(3) does not depend on i. If A"^ = 1, 
then ^i+2^j^i+2 — ^ = I5 2, 3, j = 0, 1, 2; combined with the condition [ai+2] = 
[3,3,3], this shows that the permutations aj+2, i = 1,2,3, commute with each other, 
which is impossible. Finally, if 7^ 1, then A is a 3-cycle, and we may assume that 

= C|,+i|3, 2 = 1,2,3, j = 0,l,2, (7.25) 
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where \N\3 e Z/3Z denotes the 3-residue of G N. Let Cj = (a°, a], a^), j = 0, 1, 2. 
It follows from ()7.25|) that there exist t{j,i) G Z/3Z such that 

a.ic';) = c';lf'''\ j,kEZ/3Z, 2 = 3,4,5. (7.26) 
The condition af = 1 implies that 

t{0,i) +t{l,i) +t{2,i) =0, 2 = 3,4,5 (7.27) 
(here and below all the equalities are in Z/3Z). Using a30oa4, we obtain that 
t(0, 3) + t(l, 4) + t(2, 3) = t(0, 4) + t(l, 3) + t(2, 4), 

t(0,3) +t(2,4) +t(l,3) =t(0,4) +t(2,3) +t(l,4). ^' ' 

Relations (fTTTI) . ^TM show that t{j, 3) = t{j, 4) for all j = 0, 1, 2; it follows that 

and 0^3 = 0^4. This contradiction concludes the proof of the statement (a). The proof 
of (6) follows immediately from (a). Theorem 17.41 and Theorem 17. 2UI □ 

Remark 7.24. By Theorem 17.41 Proposition 17.191 and Proposition 17.231 any tran- 
sitive homomorphism Bq — > S{n) is cyclic whenever 7 < ?7. < 9. However, there 
is a non-cyclic transitive homomorphism Bq — > S(10). To see this, consider all 10 
partitions of Ag into two (disjoint) subsets consisting of 3 points. The group S(6) 
acts transitively on the family *p = Aio of all these partitions; this action defines the 
transitive homomorphism S(6) — > S(10); the composition of the canonical projection 
with this homomorphism is a non-cyclic transitive homomorphism Bq —>■ S(10). 
Under suitable notations, this homomorphism looks as follows: 

ai = (l,2)(3,4)(5,6); ^2 = (1, 7)(3, 8)(5, 9); ^3 = (3, 6)(4, 5)(7, 10); 

a, = (1,3)(2,4)(7,8); a, = (3, 5)(4, 6)(8, 9). 

Instead of the canonical epimorphism /ig, one could use Artin's homomorphism i/g. 



Lemma 7.25. Let 8 < n < 16. Then any transitive homomorphism tp: Bg —>■ S(n) is 
cydic. 

Proof. Suppose to the contrary that ip is non-cyclic. By Lemma 17.111 N = 
#Si = T^supp ai > 6. Corollarv 17.141 shows that A^' = T,[ = #Fix cri > 6. Hence 
12 < A^ + A^' = n < 15 and 6 < A^' < 9. 

By Lemma (7. 2 if g. c). all the permutations ^3, ...,^7 are supported in and the 
restriction 

= </.': 56 ^S(S;) = S(Ar') 

of to the subgroup in Bg generated by (73, is a non-cyclic homomorphism. As 
usual, we set H = lm(f)G S(S;) = S(A^')- 

Claim. There is exactly one H -orbit Q C J][ of length 6. The reduction 

0Q:56^S(g) = S(6) 
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is conjugate to one of the honioniorphisnis /ie, t'e- T'iie complement Q' = T,' \ Q 
contains at most 3 points, and there is a permutation A G S{Q') such that every ai 
(i = 3, 7) is a disjoint product of some transpositions and this permutation A. 

Indeed, since t^S'^ = A^' < 9 and the homomorphism is non-cyclic, theorems 
13. If g) ■ 17^ 17.201 and Proposition 17.231 show that there is only one if-orbit Q of length 
6. In view of Artin Theorem and Theorem I3.ir a). other statements of Claim follow 
immediately from this fact. 

We have the following cases: i) N' = 6; ii) N' = 7; Hi) N' = 8; iv) N' = 9. 

Let us show that in all these cases the primitive group G = Irrnp (1 S(n) is isomor- 
phic to S(8) and, besides, contains a 3-cycle; this will contradict Jordan Theorem. 

i) In this case S'^ = Q', hence either = 0q ~ /ig or to = 0q ~ z/e- Therefore, 
af = 1 for all z and G = S(8). 

If ~ fiQ, then any is a transposition, and the product (a3a4)^ is a 3-cycle in G 
(in fact, the element a^a^ itself is a 3-cycle; we take its square only to unify the proofs 
for all cases (i) — (iv)). 

If ~ i/g, then the permutation (a^a^ ■ ■ ■ g-jY is a 3-cycle in G (here the square is 
essential, since Oj^/^ ■ ■ -o-j is of cyclic type [3, 2]). 

ii) In this case Q' consists of one point that is a fixed point of H. Applying the 
same arguments as in case (i), we obtain the desired result. 

Hi) The only difference with the previous cases is that all the permutations a^, 
z > 3, may contain one additional disjoint transposition A. However, this does not 
change anything (the square kills this transposition). 

iv) Here j^Q' = 3. Hence either A = 1 or [A] = [2] or, finally, [A] = [3]. In the first 
two cases we follow the same arguments as above. Let us show that the third case 
cannot occur. Indeed, A^' = 9 and A^ > 6; thus, A^ = 6 (for N + N' = n < 15). That 
is, the support of any permutation consists of 6 points. If A is a 3-cycle, it takes 3 
points from the 6, and the rest three places cannot be filled by transpositions. This 
concludes the proof. □ 

Now we are ready to prove Theorem F(a). Actually, the proof is simple, since the 
main work was already done. 

Theorem 7.26. Let 6 < k <n <2k. Then: 

a) Any transitive homomorphism Bk S(n) is cychc. 

b) Any non-cychc homomorphism ip: B^. S{n) is conjugate to a homomorphism of 
the form fi^ x where ip: B^ —>■ S{n — k) is a cychc homomorphism. 

Proof, a) Let us call r(m) the following conjecture: 

Conjecture r(m). Every transitive homomorphism ip: B^ ^ S(n) is cychc whenever 
Q < k < m and 6 < k < n < 2k. 

We have already proved r(m) for m = 7 and m = 8 (Lemma 17. 22t Lemma f7.25|) . 
Suppose that r(m) is fulfilled for some m > 7. We shall show that then r(m + 2) is 
fulfilled. By Induction Principle, this will prove the statement (a). 
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Suppose to the contrary that r(m + 2) is wrong. That is, for some k and n 
that satisfy k < m + 2 and 6 < k < n < 2k there exists a transitive non-cychc 
homomorphism ip: Bk ^ S(n). It follows from Lemma 17.221 and Lemma 17.251 that 
k > 8; hence 6 < k — 2 < m and r(A; — 2) is fulfilled. 

By Lemmas 17. Ill and Corollary 17. 14t we have > 6 and N' > k — 2; thus 

6<k-2<N' <n-6<2k-6<2{k-2). (7.29) 

By Lemma l?.21f a. c), the restriction 0: Bk_2 S(n) of ip to the subgroup C. 
generated by us, cr^.i coincides with its non-cyclic reduction 

(^' = 0s;:5,_2^S(s;) = S(iV') 

to the i7- invariant set E'^ = Fixai. To conclude the proof of the statement (a), it is 
sufficient to prove the following 

Claim, af = 1 for all i and hence G = Imi/j = S{k). Moreover, the primitive 
permutation group G C S(n) contains a 3-cycle. 

Indeed, as we know, these properties are incompatible; hence the assumption that 
r(m + 2) is wrong leads to a contradiction. 

To justify Claim, assume first that N' = k — 2. Since ip' is non-cyclic. Theorem 
I3.lf a) shows that ip' is transitive; by Artin Theorem, = ~ fik-2 (for k — 2 > 6). 
Hence any aj is a transposition and ^1^2 is a 3-cycle containing in G. 

Assume now that N' > k — 2. Since r(A; — 2) is fulfilled, any transitive homo- 
morphism Bk-2 —>■ S{N') is cyclic; therefore, the homomorphism (p = cp' must be 
intransitive. The reduction (pq of the non-cyclic intransitive homomorphism (j) = ip' 
to any if-orbit Q C S'^ is a transitive homomorphism Bk-2 —>■ ^{Q)- Clearly, 
#Q < N' < 2{k - 2). If #g ^ A; - 2, then (pQ is cychc (this follows from Theo- 
rem I3.1f a) whenever < A; — 2; if > k — 2, then (pQ must be cyclic by our 
assumption that r(/c — 2) is fulfilled). Hence there exists a unique if-orbit Q of length 
k — 2, and the reduction (pq of (p to this orbit is non-cyclic and transitive. Since 
k — 2 > Q, Artin Theorem shows that (pq ~ yUfc-2- Let = S' — Q; clearly, (p is the 
disjoint product of the reductions (pq and (pq/, and (pq' is cyclic. This means that there 
is a permutation A G S{Q') such that for every i, 3 < i < k — 1, the permutation 
is the disjoint product of A and the transposition Ai = (pq{ai). 

Let us show that A"^ = 1. Indeed, if this is not the case, then for some r > 2 the 
cyclic decomposition of A contains an r-cycle. Let €.r{A) be the r-component of A. 
Since any a,, 3 < i < k — 1, is the disjoint product of A and the transposition Ai, we 
obtain that €r{A) is, actually, the r-component of every a^, 3 < i < k — 1. Thereby, 
the support S,r,(yi) of this component Cr{A) is invariant under all the permutations 
^3, ...,ak-i. Moreover, the permutations ai, 0^2 commute with ak-i and hence the set 
^€r{A) is invariant under ai and ^2. However this contradicts the transitivity of ip. 

Since ai = AiA for i > 3 and all Ai are transpositions, the property A? = \ implies 
that ai = 1 for i > 3 and hence for all i. Moreover, a^a^ = A^AA^A = A3A4 is a 
3-cycle containing in G. This concludes the proof of Claim and proves the statement 
(a). In view of Theorem I3.ir a) and Artin Theorem, (a) implies (6). □ 
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Remark 7.27. There is a non-cyclic transitive homomorphism Bq S(10) (see 
Remark l7 .241) . On the other hand, for any A; > 3, Corollary 16 . 1 (Jl provides us with the 
four non-cyclic homomorphisms (fj: Bj. — > S{2k), j = 0, 1,2,3. The homomorphism 
ifQ is intransitive, and the homomorphisms ipj, j = 1,2,3, are transitive (see also 
Remark I6.15p . These remarks show that the conditions 6 < k < n < 2k of Theorem 
I7.26f a) are, in a sense, sharp. 

7.5. Homomorphisms Bk S{2k). Here we prove Theorem F{b). In the follow- 
ing lemma (which is similar to Lemma 17.131) we make use of the model homomorphisms 
ipj-. Bk — >■ S{2k) exhibited in Definition 11.121 fsee also Corollarv I6.10[ with k instead 
of n). 

Lemma 7.28. Let k > 6 and let ip: B^ S{2k) be a non-cyclic homomorphism such 
that the permutation ai has a non-degenerate component C of length t > k — 3. Then 
either t = k — 2 and ip Lp^ or t = k and ip ^ !f2- 

Proof. We follow the proof of Lemma f7. 131 Clearly, C must be the 2-component 
of ai, and t < k; hence either t = k — 2 or t = k — loTt = k. 
Set 

S = supp £, S' = Asfc - S, Q = supp di, Q' = - Q, 
#S = 2t, #E' = 2A; - 2t < 2A; - 2(A; - 2) = 4. ^ ' ^ 

Since k > 6, any homomorphism -Bfc-2 S(ZI') is cyclic f Theorem 13. If a)). In particu- 
lar, the homomorphism (p^, is cyclic and Lemma f5 .51 implies that the homomorphisms 
fl: Bk-2 S(C) = S(t) and ip^ : Bk-2 G C. S{2t) must by non-cyclic. 

We may assume that the homomorphism ip is normalized; this means that 

S = {1, 2, . . . , 2t}, = Ci ■ ■ ■ Ct, where Cm = (2m — 1, 2m) for m = 1, . . . ,t. 

We must consider the following five cases: 

i) t = k — 2 and ai is a disjoint product oi k — 2 transpositions; 
ii) t = k — 2 and ai is a disjoint product of — 2 transpositions and a 3-cycle; 
a') t = k — 2 and ai is a disjoint product of /c — 2 transpositions and a 4-cycle Fi] 
in) t = k — 1 and ai is a disjoint product of /c — 1 transpositions; 
iv) t = k and ai is a disjoint product of k transpositions. 

First we prove that cases (i), (ii), {iii) are impossible. 

Case {€) may be eliminated by the same argument that were used in the proof of 
Lemma 17.131 (the only difference is that now S' consists of four points; actually, this 
does not change anything). 

ii) In this case di has exactly one fixed point. Clearly, this point is also the 
only fixed point of any (see, for instance. Lemma l2.23p . Hence ip is the disjoint 
product ipQ X li, where ipq: Bk — > ^{Q) — S{2k — 1) is the reduction of ip to the 
(Im?/') -invariant set Q = suppai. Since ip is non-cyclic, ipQ is non-cyclic too, and the 
permutation ipqlai) = Ox has a 2-component of length k — 2. However this contradicts 
Lemma 17.131 
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in) In this case E = Q, S' = Q', and we deal with the non-cychc homomorphisms 
(p^ : -Bfc_2 —>■ G G S{2k — 2) and Q: -Bfc-2 S(A; — 1). By Remark 15.61 Proposition 
I4.10t and Theorem 17.41 we must consider the following two cases: iiia) ^ = fik-2 x li; 
iiib) k = 7 and fl = ip^,^ '■ -B5 S(6). 

In case (iiia), as in Lemma 17.131 ip^ must be conjugate to one of the eight ho- 
momorphisms listed in Corollary 16.141 (with n = k — 2). All these cases may be 
eliminated in the same way as in Lemma 17.131 (the only difference is that now the set 
E' consists of two points, which does not change anything). Case {iiib) is impossible 
by the same reasons as in Lemma [7.131 

Now we must handle cases {ii') and (iv). 

ii') We prove that in this case ip ^ (f^. We may assume that 

S = {1, 2A; - 4}, S' = {2k -3,2k- 2, 2k - 1, 2k}. 
We deal with the non-cyclic homomorphisms 

ip^ : Bk-2 ^GC S(2A; - 4), 3^-2 ^ S(A; - 2). 

Clearly, either ii'^ f2 ~ /ifc-2 or ii'^) k = 8 and Q ~ uq. 

Case (ii'i^) is actually impossible; this may be proven by the argument used in 
Lemma 17.131 in case (ib) (the only difference is that now the cyclic decomposition of 
ai contains the additional 4-cycle Fi G S({13, 14, 15, 16}), and a3,...,aj contain the 
additional 4-cycle F = F^^; however, this does not change anything). 

ii'g) We may assume that Q = fik-2- Then, by Corollarv 16.101 (p^ is conjugate to 
one of the homomorphisms ipj, j = 0, 1, 2, 3 (with n = k — 2). For j = 0, 1 we have 
S'i+2|E = Vsi^i) — '^ji^i)'^ hence # supp(ai+2|S) = 4 and there is no room in S' for 
the rest 2k — 4 points of suppai+2. For j = 2 we have aj+2|S = {p2{si), and hence 
^i+2 = <f2{si)F for all i > 1, where F e S{{2k -3,2k- 2, 2k - 1, 2k}) is a 4-cycle; the 
argument used in Lemma 17. 131 for case (ia) show that this is impossible. So, we are left 
with the case j = 3, i. e. ip^ = ^P3- -Bfe-2 ^ S(2A; — 4). Without loss of generality, we 
may assume that Fi = {2k — 3, 2k, 2k — 2,2k — l); to simplify notation, put a = 2fc — 3, 
h = 2k — 2, c = 2k — 1, d = 2k. Since ip is normalized and CTj+2|S = (p^{si), we have 

di = (1, 2)(3, A) ■■■{2k- 7, 2k - 6){2k -5,2k- 4) (a, d, b, c) (7.31) 

4-cycle 

and 

ai = (1, 2)(3, 4) ■ ■ ■ (2z - 7, 2i - 6) {2i -5,2i- 2, 2i - A,2i - 3) {2i - 1, 2i) 

^ " 

4-cycle (7.32) 

X •■■ X {2k - 5,2k - A){a,h){c,d) 

for 3<'i<A; — 1. To recover the homomorphism %p, we need to compute a2- This 
permutation commutes with di, 4 < i < k — 1; the cyclic decomposition of contains 
only one 4-cycle, namely, Fi = {2i — 5,2i — 2, 2i — 4, 2i — 3); therefore, each of the sets 
{2i — 5,2i — 2, 2i — 4, 2z — 3}, A < i < k — 1, must be a2-invariant. It follows that 
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each of the sets {3,4}, {5,6}, {2k — 5,2k — 4} is a2-invariant. Since the permutation 
^2 ~ ?! has no fixed points, its cychc decomposition contains the product 

A = (3,4)(5,6)-- -(2^-5,2/^-4) 

oi k — 3 disjoint transpositions; it must also contain one more transposition T and some 
4-cycle F2. By Lemma (5. 3f a). i7* = i7 = fik-2', it follows that exactly k — 4 from the 
/c — 2 transpositions (1,2), (3,4),..., (2A; — 9, 2A; — 8), (a, 6), {c,d) that occur in the cychc 
decomposition of a^-i must be f2*(s2)-invariant (that is, invariant under conjugation 
by a2), and the rest two transpositions must mutually interchange. Evidently, the 
k — 3 transpositions (3, 4), (5, 6), ... , {2k — 5,2k — 4) are the fixed points of f2*(s2); 
hence, exactly one of the transpositions (1,2), {a,b), {c,d) must be a fixed point of 
Q*{s2); denote this transposition by T. 

Let us show that T 7^ (1,2). Indeed, if T = (1,2), then the cyclic decomposition of 
^2 contains the product P = {1,2)A and a 4-cycle F2 supported on {a,b,c,d}. Since 
ak-i commutes with ^2, and the product {a,b){c,d) is contained in ak-i (see (|7.31|) ). 
we have {a,b){c,d) = thereby F2 = {a,c,b,d)^^. It is easy to check that in this 
case a2, o'l cannot be a braid- like couple. 

So, either T = (a, 6) or T = (c, d). If T = (a, b), then either F2 = (1, c, 2, d) or F2 = 
{l,d,2,c); however, conjugation by {a,b){c,d) does not change ai, ^3, T and 
transforms (1, d, 2, c) into (1, c, 2, d). Similarly, if T = (c, d), then either F2 = (1, a, 2, b) 
or F2 = (1,6, 2, a), and the same conjugation transforms (1,6, 2, a) into (l,a, 2,6). 
Moreover, conjugation by {a,d,b,c) does not change ai, ^3, a^-i and transforms 
{c,d) into (a, 6) and (l,a, 2,6) into {l,d,2,c). Hence, without loss of generality, we 
may assume that T = (a, 6) and F2 = (1, c, 2, d), and thus 

a2 = (l,c,2,rf)(3,4)(5,6)---(2A;-5,2/;-4)(a,6). 

Finally, we conjugate the original homomorphism ip by the permutation 

A 2 3 ... 2A;-4 a 6 c d\ , . 

^~ 1^5 6 7 ... 2k 1 2 3 AJ ^^-"^"^^ 

and obtain the homomorphism ip: Bk ^ S{2k), 

ip{ai) = Bilj{(r,)B~^ = BdiB-\ 1 < i < k - 1, 
that coincides with ip^. This concludes the proof in case (u'). 

iv) We prove that in this case ip ^ (p2- We deal with non-cyclic homomorphisms 
Q: Bk_2 S(A;) and </>: 5^-2 S(2A;) (we write instead of ip^, for S = A.2k)- 
According to Theorem 17. 2Ul we must consider the following cases: 

iVa) k = 7 and Q = ip^^Q x li; 
ivb) k = 8 and Q = x u; 
ivc) = /ifc-2 X Lo; 

in cases {iVb), (iVc), uj: Bq ^ S(2) is some (cyclic) homomorphism. 



With help of Corollary 16. IH Corollary 16.121 and Theorem 16.171 we show below that 
{iVa) and (iVb) cannot actually occur. 
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Since pj] = case (iva) we may assume that (j) coincides with one of the 

k times 

four homomorphisms rjj x [2] : — > S(12) x S(2) C S(14), j = 0, 1, 2, 3 (see Corollary 
16.111) . where [2] : S(2) is the cyclic homomorphism sending each generator Sj to 

the transposition (13, 14). 

For j = 1,3 the cyclic decompositions of f]j{si) contain 4-cycles, which cannot 
occur here. 

For j = 0,2 the permutation A = d^a^ is a product of four disjoint 3-cycles 
supported on A12 = {1,...,12}. Since a2 commutes with A, A12 is a2-invariant. 
Hence A12 is (Im'?/')-invariant, and the reduction V'Ai2 • Bj —>■ S(12) is a non-cyclic 
homomorphism; it follows from Theorem 17. 261 that Im?/'Ai2 must have an invariant set 
E C A12 of cardinality 12 — 7 = 5. In particular, E must be invariant under all the 
permutations aj_|_2|Ai2 = Vji^i)^ 1 < < 4, which is not the case. 

In case (ivb) we may assume that is of the form 

(f) = X ip^: Be^ S(12) x S(4) C S(16) 

(see Corollarv I6.12|) . Here ipi^: Bq —>■ S(4) is a cyclic homomorphism defined by the 
following conditions: if the homomorphism u: Bq S(2) is trivial, then ipuj{si) = 

(13. 14) (15, 16) (i = 1, 5); otherwise, i. e., for oj sending all Si to (1, 2), ipuj{si) = 

(13. 15) (14, 16) {i = 1, 5). As in case (iva), the permutation A = a^a^ is a product 
of four disjoint 3-cycles supported on A12, the set A12 is (Im'?/')-invariant, and the 
reduction ^Ai2 • S(12) is a non-cyclic homomorphism. It follows from Theorem 
17.261 that there is an (Im?/;) -invariant set E C A12 of cardinality 4. However, the 
formulae for 0o;0i show that even the permutations aj+2|Ai2 = 4>j{si), I < i < 5, 
do not have a common invariant set of such cardinality (in fact, 0i is transitive and 
Im0o has in A12 exactly two orbits, each of length 6). Hence case (ivf,) is impossible. 

We are left with case (ivc). By Corollarv 16. 101 and Theorem 16. 17t we may assume that 
is of the form 

= (^2 X : Bk-2 ^ S(2A; - 4) x S(4) C S{2k) (7.34) 

(see Corollarv I6.12|) : here y?^: Bk-2 S(4) is a cyclic homomorphism defined as 
follows: if the homomorphism uj: Bk-2 —>■ S(2) is trivial, then ipuj{si) = {2k — 3,2k — 
2){2k-l,2k), i = l,...,k-3; and (^^(s^) = {2k-3,2k-l){2k-2,2k), i = l,...,k-3, 
for the only non-trivial u. (In fact, there is one more possibility, namely, (puj{si) = 
{2k — 3, 2k){2k — 2,2k — 1), i = 1, k - 3; if so, we conjugate by the transposition 
{2k — 1, 2k) and reduce this case to the previous one). 

First, we note that the set R = {2k — 3,2k — 2, 2k — 1, 2k} cannot be a2-invariant. 
Otherwise, R would be (lm'0) -invariant and the reduction ips of ip to the complement 
S = A.2k \ R would be a non-cyclic transitive homomorphism Bk S{2k — 4), which 
contradicts Theorem 17.261 (ib^ must be transitive, since <^2 is so). 

Now we show that u must be non-trivial. Indeed, if u is trivial, then Q = x I2 
and the action of ^^(52) on the 2-component £ of di (that is, the conjugation by a^) 
interchanges some two transpositions and does not move the rest k — 2. By Lemma 
15. 3t the action of fl*{s2) on the 2-component €* of ^k-i (that is, the conjugation by 
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is of the same type. This means that a2 and ak-i have exactly k — 2 common 
transpositions. Any of these common transpositions is neither {2k — 3,2k — 2) nor 
{2k — 1,2k), since otherwise the reduction of ip to at least one of the complements 
Aafc \ {2k -3,2k- 2}, Aafc \ {2k - 1, 2k}, Aafc \ {2k - 3,2k - 2,2k - 1, 2k} would 
be a non-cyclic transitive homomorphism 

Bk^S{n), 6<k<n, n = 2k - 2 or n = 2k - 4, 

which contradicts Theorem 17. 261 Hence the conjugation by ^2 interchanges the trans- 
positions {2k-3,2k-2), {2k-l,2k). It follows that the set {2k -3,2k -2,2k -l,2k} 
is a2-invariant; however, we have already proved that this is impossible. 

Taking into account that ip is normalized and using (j7.34|) and what has been 
proven above, we see that 

ai = {1,2){3,4:){5,6) ■ ■ ■ {2k - 5,2k - A){a,b){c,d) 

and for 3 < i < k — 1 

ai = (1, 2) (3, 4) ■ ■ ■ (2i - 7, 2i - 6) {2i - 5, 2i - 3){2i - 4, 2i - 2){2i - 1, 2i) 

' . ' 

X ••• X {2k-5,2k-4){a,c){b,d), 

where a = 2k — 3, b = 2k — 2, c = 2k — 1, d = 2k. Now it is convenient to conjugate 
the original homomorphism ip by the permutation 

A 2 3 ... 2A;-4 a b c d\ 
1^5 6 7 ... 2k 1 3 2 4J ' 

we denote the new homomorphism by tp, but preserve the notations for all the 
permutations ip{(yi), 1 < i < k — 1. Clearly, 

di = (1,3X2,4X 5, 6) ■ • X2fc - 3, 2k - 2){2k - 1, 2k) (7.35) 

and for 3 < z < A; — 1 

ai = (1, 2)(3, 4) ■ ■ X2i - 3, 2t - 2) {2i - l,2i + l){2i, 2i + 2){2i + 3,2i + 4) 

^ ^ ' (7.36) 

X ■ • • X (2A; - 3, 2A; - 2){2k - 1, 2k). 

Claim. The set Ag = {1, 2, 3, 4, 5, 6} is a2-invariant and the restriction ofa2 to the 
complement A12 \ Ag coincides with (7, 8) (9, 10) ■ ■ ■ {2k — 1, 2k). 

Indeed, it follows from ()7.36p that 

aiai+i = {2i -l,2i + 2, 2% + 3){2%, 2% + 1, 2z + 4) ; 

if 4 < i < k—2, this product commutes with a^, hence for such i every set {2i—\, 2i, 2i+ 
1, 2i + 2, 2^ + 3, 2i + A} is a2-invariant. In particular, the set Ag = {1, 2, 3, 4, 5, 6} is 0^2- 
invariant. If /c > 7 then each of the sets {7, 8}, {9, 10}, {2k — 1, 2k} is a2-invariant; 
since is a2 has no fixed points, this shows that the cyclic decomposition of a2 contains 
the disjoint product 

(7,8)(9, 10)--X2A;- 1,2A;). 
Consider the case k = 7. We still have the two a2-invariant sets 

{7,8,9,10,11,12} and {9,10,11,12,13,14}; 
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hence each of the sets {7,8}, {9, 10, 11, 12}, (13, 14} is a2-invariant. Since Oi has no 
fixed points and is a product of disjoint transpositions, it must contain the transposi- 
tions (7, 8), (13, 14) and some two transpositions that are supported in {9, 10, 11, 12}. 
The product = (9, 12, 13)(10, 11, 14) commutes with a2, and we aheady know 
that a2 contains the transposition (13, 14); hence the restriction of ^2 to {9, 10, 11, 12} 
coincides with (9, 10)(11, 12). This completes the proof of Claim. 

To complete the whole proof, we consider the restrictions 

A = ai|A6 = (l,3)(2,4)(5,6), S = aalAg, C = = (1, 2)(3, 4)(5, 6). 

Claim shows that the restrictions of ai and ^2 to the complement A2A; \ Ag coincide; 
hence AooB. Clearly, AC = CA; we know also that B must be a product of 3 disjoint 
transpositions supported in Ag. There exist exactly 4 permutations B that satisfy all 
these conditions: 

B, = (1,2)(3,5)(4,6); B2 = (1, 2)(3, 6)(4, 5); 
Bs = (1,5)(2,6)(3,4); B, = (1, 6)(2, 5)(3, 4). 

If B = Bi, then ip coincides with the homomorphism from Corollary 16.101 (with 
n = k). Any of the other three possibilities leads to a conjugate homomorphism. 
Indeed, the conjugation by the permutation (5, 6) (7, 8) ■ ■ ■ (2/c — 1, 2k) interchanges Bi 
with B2, and B3 with B4; the conjugation by the permutation (1, 3) (2, 4) interchanges 
Bi with B3. Further, these two conjugations preserve formulae ()7.35p . ()7.36|) . They 
preserve also the form of the restriction of a2 to A12 \ Ag exhibited in Claim. This 
concludes the proof. □ 

The following statement is similar to Corollarv l7.141 

Corollary 7.29. Let k > Q and let ip: B^ ^ S{2k) be a non-cyclic homomorphism 
such that ai has at most k — 3 fixed points. Then either tp ip2 or ip ip^. 

Proof. It follows from Lemma (7. 121 that di must have a non-degenerate compo- 
nent of length at least k — 2; Lemma f7.28l completes the proof. □ 

Theorem 7.30. Any non- cyclic transitive homomorphism ip: Bk ^ S{2k) is standard 
whenever k > 6. In other words, ip is conjugate to one of the model homomorphisms 

^1, V^2, 

Proof. Here we prove the theorem for k > 8; the cases k = 7,8 will be consid- 
ered separately. We use the notation introduced in Sec. [7| (see Convention therein). 
Suppose to the contrary that there is a non-cyclic transitive homomorphism ip that is 
conjugate neither to nor to <^2 nor to (fs. By Lemma l7.28[ every non-degenerate 
component of ai is of length at most k — 3. Hence, Lemma l7.2ir a. c) applies to the 
homomorphism ip; this leads to the following conclusions: 

a) the reduction ip = : -Bfc-2 S(Si) = S(A^) of the homomorphism (p = 
ip\Bk_2'- Bk-2 S{2k) to the set Si = suppai is trivial (here and below Bk-2 C B^ 
is the subgroup generated by o"3, cTk-i); 

b) the reduction p' = 0^'^ : -Sfc-2 ^(X'l) — S{N') of (p to the set T,[ = Fixdi is 
non-cyclic; 
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c) since = 0Si x 0s; : -Bfc-2 ^ x S(S']^) C S{2k) and is trivial, we see 

that eventually coincides with 0s/^. 

By Lemma 17.111 we have > 6, and Corollarv 17.291 shows that N' > k — 2. It 
follows that 6<k — 2<N' = 2k — N<2k — 6< 2{k — 2). Since the homomorphism 
0s' is non-cyclic, Theorem I3.ir a). Artin Theorem and Theorem 17.261 implv that 0s' 
is conjugate to a homomorphism of the form fik-2 x ^, where u : Bk-2 — ^ S(A^' — k + 2) 
is some cyclic homomorphism. Hence, without loss of generality we may assume that 
S; = {1, ...,N'}, Si = {A^' + 1, ...,2k} and di = + 1) ■ S (disjoint product) for 
3 < i < k — 1, where S is some permutation not depending on i and supported on 
a set Q C S'l - {3, k}. We have i^Q < N' - {k - 2) <2k-%-k + 2 = k- A 
and ij^Q + 2 = # supp ai = A^ > 6; hence the set Q = supp S is nonempty and does 
not coincide with the whole set A.2k- Clearly, Q is CTj-invariant for any i ^ 2 (since 
Q C Fix ai and S ^ ai for every i > 3). On the other hand, a2 commutes with any 
ai = {i, i+l)-S, 4: < i < k — 1, and thus each of the sets {4, 5}UQ,...,{k — l, k}UQ is a2- 
invariant. Hence their intersection Q is a2-invariant; this contradicts the transitivity 
of ip and concludes the proof. □ 
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8. Homomorphisms B'f, —>■ S{k) and endomorphisms of 5^ 

In this section we apply the results of Sec. [7|to prove Theorem C and Theorem D. 
We start with some preparations to the proof of Theorem C. 

Assume that k > 4 and consider a non-trivial homomorphism ip: B'^ ^ S{k). 
Taking into account the presentation of the commutator subgroup given by 
()1.23p . we denote the ?/^-images of the generators u,v,w,Ci by u,v,w,Ci respectively. 
The latter permutations satisfy the system of equations 



UCiU = w, 



uwu ^ = w^c^^w, 



VCiV ^ = c^^w, 



8.1) 
8.2) 
8.3) 
8.4) 
8.5) 
8.6) 
8.7) 



uci = CiV (2 < i < — 3), 

vci = CiU~^v (2 < i < A; — 3), 

CiCj = CjCi (1 < ^ < j — 1 < — 4), 

CiCi+iCi = Ci+iCiCi+i {I <i <k - A). 
Consider the embedding 

A'fc : Bk-2 ^ 5^, Afc(si) = Cj, 1 < i < A; - 3, 
and the composition 

= ^ o A', : 5fc_2 ^ 5^ S(A;), 0(s,) = q, l<i<k-?>. 

Definition 8.1 (tame homomorphisms S(fc)). For a non-trivial homomorphism 

B'f^ S{k), set G = Imip C S(A;) and H = Im0 C S{k). For any //-orbit Q C 
we put Q' = Afe — Q and denote by 0q: Bk-2 S(Q) and 0q' : Bk-2 ^{Q') the 
reductions of to the if-invariant sets Q and Q', respectively; is the disjoint product 
4>Q X 00'- A non-trivial homomorphism is called tame if there is an if-orbit Q C 
of length k — 2. This orbit Q (if it exists) is the only if-orbit of length > k — 2; we 
call it the tame orbit of -0; clearly = 2 and ip coincides with the disjoint product 
0Q X 0Q/ of the non-cyclic transitive homomorphism 0q: Bk-2 —>■ ^{Q) — S{k — 2) and 
the cyclic homomorphism 0q/ : Bk-2 ^ S(Q') = S(2) (a priori 0q/ might be trivial; 
we shall see that this cannot happen). 

A group homomorphism K S{k) is said to be even if its image is contained in 
the alternating subgroup A(fc) = S'(A;). O 

By Lemma (7. 5( for any non-trivial homomorphism ijj : B'l^ ^ S{k) {k > 4) we have: 
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(*) the homomorphisms ip and are even, that is, H ^ G A{k); moreover, (p 
is non-cydic, 0(si) 7^ ^(ss), and ^ ^(ss). 

In the next lemma we establish some properties of the permutations u, v, w, Ci corre- 
sponding to a non-trivial homomorphism if). 

Lemma 8.2. a) [w] = [c^^w] = [ci] = . . . = Ick-s] aiid [u] = \v] = [u^^v]. 

b) All the permutations u,v,w,Ci are non-trivial {and even). 

c) u commutes with all the permutations Cij = CiCj^, 2 < i, j < k — 3. 

d) Ifcf = 1, then = v^ = 1 and v = u^^. 

e) Ifk = 5, then [ci] ^ [3] and [ci] ^ [5]. 

Proof, a) Follows immediately from relations dHUI), dOl . (IHT^ (with i = 2), 
(with i = 2), and ()8.8|1 . which shows that all the elements q are conjugate to each 
other. 

b) Since ip is non-trivial, it is sufficient to show that if one of the permutations 
u, V, w, Ci is trivial, then all of them are trivial. If some Cj = 1 or il; = 1, then it follows 
from (a) that w = Ci = . . . = c^s = 1, and ()8.5p . ()8.6|) imply that u = v = 1. Ifu = l 
or = 1, then, by (a), we have u = v = 1, and (j8.1|) . (j8.2j) imply w = Ci = w"^; hence 
w = 1. 

c) Relations (j8.5|) may be written in the form 

V = C^^UC2 = C^^MCs = . . . = Cj^^^UCk-s; 

this shows that u = (ciCj^) ■ u ■ (ciCj-^)^^ for aA\ 2 < i,j < k — 3. 

d) By (a), the condition c^ = 1 implies that cf = 1 for all i; hence = q and 
relation ()8.5|) for i = 2 may be written in the form 

U = C2VC^^ = C^^VC2 . 

In view of ()8.6|) with ^ = 2, the right hand side of the latter relation is equal to u~^v, 
and we get u = u~^v] hence v = tP. Using the same relations ()8.5|) . ()8.6|) with i = 2 
and = 1, we have 

V = C2U~^VC2^ = {C2U02^)^^ ■ C2VC2^ = {S2^UC2)~^ ■ U = V~^U; 

thus u = v^. Thereby = v^ = 1 and v = u^^. 

e) Assume that [ci] = [p], where p = 3 or p = 5. Then also \c^'^] = [p]; by (a), we 
have [w] = \c^^w] = [p]. If p = 3, then {c^^wY = 1, c^^ = ci, and (8.4) shows that 
[ciw] = [c5~^w] = [w] = [3]; however this contradicts Lemma ?2.l'6i a) (with A = c^^ 
and B = w). 

Consider the case p = 5. Then [ci] = \c{'^] = [w] = \c^^uj] = [5]. It follows from 
dHU and (jHIll) that 

w'^c^^w = uwiT^ and w^vovT^ = (u^c^'^id = w^^c^^w ; 

hence [w'^c^^w] = [5] and [cfw] = [5]. Moreover, from ()8.3|) . ()8.4|) we have 
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therefore \ciw] 



[5]. Taking A 



and B = w, we see that all the permu- 



tations A, B, AB, A ^B, A ^B, and B^AB are 5-cycles in S(5), which contradicts 
Lemma Einife). □ 

The following lemma brings us essentially closer to the desired result. 

Lemma 8.3. a) The homomorphism ip is tame whenever k 6. 

b) Ifk = 6 and ip is non-tame, then the homomorphism is transitive and conjugate 
to the homomorphism u'^: B4 S(6) defined in Remark H.t^ 

c) If ip is tame, then the reduction 0q: 5^-2 — ^ ^{Q) — ^{k — 2) to the tame 
orbit Q is conjugate to the canonical epimorphism fik~2- Bk~2 — ^ ^ik — 2), and the 
reduction (pQi: Bk-2 ^{Q') — S(2) is a non-trivial homomorphism. In particular, 
Ci = ipi^Ci) = 4>{si) = SiT, 1 < i < k — 3, where every Si = (pq^Si) is a transposition 
supported in Q, and T is the (only) transposition supported on Q' . 

Proof. We start with the following claim, which is true for any k > 4 and any 
non-trivial homomorphism ip: 

Claim 1 . There exists (exactly one) H -orbit of length q > k — 2. 

For k ^ 6 this follows immediately from the property (*) and Theorem I3.ir a). For 
A; = 6, we deal with the non-cyclic even homomorphism (p: B4 ^ S(6) that satisfies 
(*). In this case there exists (exactly one) //-orbit of length g > 4. Indeed, let Q 
be an i/-orbit of some length q. If g < 3 and 0q is non-cyclic, then, by Theorem 
13.191 0q(si) = 0^(53). Hence, if < 3 for all i/-orbits, then the homomorphism 
cannot satisfy (*). 

Claim 2. If ip is non-tame, then k = 6. 

Taking into account Claim 1, we may assume that there is an if-orbit Q with = 
q > k—2. Clearly, either q = k—1 or q = k; in any case, ^Q' < 1 and = jqocpQ, where 
iq: S{Q) ^ S(fc) is the natural embedding. Since 0q is non-cyclic and transitive. 
Theorem [73] and Theorem 17 . 2 01 show that this could only happen in one of the following 
five cases: 



III 



IV 



g = 4, 
is even; 



A; = 5, A;-2 = 3 
and non-cyclic, q 

k = 6, k-2 = 4: 
and non-cyclic, q 

k = 7^ k-2 = 5 
and non-cyclic, q 
k — 5j k 2 — 3 
even; 

v) k = 6,k-2 = A,q = 6 
even. 



g = 5, 
is even; 

g = 6, 
is even; 
g = 5, 



jQ (pQ ■ 


Bs^ 


jQ ° (pQ ■ 


:B,^ 


Jq <PQ ■ 




(pq- 


-S(5), 


(pq- Bi 


-S(6), 



S(4) 
S(5) 
S(6) 



3Q 



3Q 



IQ 



S(5), 
S(6), 
S(7), 



is transitive 



is transitive 



is transitive 



is transitive, non-cyclic and 
is transitive, non-cyclic and 



In fact all these cases but (v) are impossible. Indeed, in case (i), applying Propo- 
sition E^a), we see that the (even!) homomorphism (pq must be conjugate to the 
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(2) ^ (2) ^ 

homomorphism ip^^i; clearly ci ~ i^s^iisi) = (2,3,4); hence [ci] = [3], which contra- 
dicts Lemma IHISfe). In case [ii), by Lemma (4 .31 the homomorphism (p would satisfy 
4>{si) = 0q(si) = 4>q{s3) = 0(53), which contradicts property (*). In case (in), by 
Proposition l4.101 the homomorphism 0q must be conjugate to the homomorphism i/j^^q 
that sends any Si into an odd permutation; clearly, cj) makes the same (for ^Q' = 1), 
which is impossible (since (p must be even). To eliminate (iv), we use Proposition 14. II 
(6), which shows that the homomorphism must be conjugate to the homomorphism 
V'3,5; so, ci ~ 'ip3,5{si) = (1,4,3,2,5); however this contradicts Lemma IH^ e) . This 
proves Claim 2 and the statement (a) of the lemma. 

6) If A; = 6 and ip is non-tame, the proof of Claim 2 shows that we are in the 
situation of case (f). By Proposition 14.61 and condition (*), the homomorphism 

must be conjugate to one of the homomorphisms ijj^^ defined by ()4.4|) . However, ifj^l 

and ipfl are not even, and for ip^^l we have il'^'lisi^) = ip^lis^), which is uncompatible 

with (*); hence ijj ^ i/jIq. By Remark 14. 8[ i/jIq is conjugate to the homomorphism i/'q. 

c) Since ip is tame, the reduction 0q : Bk-2 — ^ S((5) = S(A; — 2) is a non-cyclic tran- 
sitive homomorphism. If this homomorphism is conjugate to fik~2, the other assertions 
of the statement (c) are evident (note that if (pq ~ fJ'k-2, then the "complementary" 
reduction 0q/ : Bk-^2 S(Q') = S(2) must be non-trivial, since the homomorphism 
is even). 

Let us assume that (pq is not conjugate to fik~2] by Artin Theorem, this may 
only happen if A; = 6 or A; = 8. The complementary reduction (pqi is either trivial 
or takes each Sj to the only transposition T supported on Q'; in any case, we have 
4>Q'{si) = (pQ'{s3) and (pq'{s^^) = (pq'is^). U k = 6, the reduction (pq must be 
conjugate to one of Artin's homomorphisms u^j, 1 < j < 3; however, in each of these 
cases we have either ip{si) = ip{s3) or ipis^'^) = ip^ss), which contradicts (*). 

Finally, we must show that the case when A; = 8 and (pq ~ uq is impossible. 
Since I'e^si) is the product of three disjoint transpositions and (p must be even, the 
complementary reduction (pq/ sends each Sj to the only transposition T supported on 
Q'. Without loss of generality, we may assume that T = (1,2) and 

s,^c, = (1,2)(3,4)(5,6)(7,8), ^2^02 = (1, 2)(3, 7)(4, 5)(6, 8), 
S3^C3 = (1, 2)(3, 5)(4, 6)(7, 8), s^^c^ = (1, 2)(3, 4)(5, 7)(6, 8), (8.9) 
S5^^C5 = (1,2)(3,6)(4,5)(7,8). 

By Lemma lS .2i d) . = 1; since u is even and non-trivial, we see that either [u] = [3] 
or [u] = [3, 3]. By Lemma IH^ (c), u commutes with all the permutations Cij = CiCj^, 
i,j > 2; in particular, this is the case for 02,3 = (3, 4, 8)(5, 7, 6). Since Fix 02,3 = {1, 2}, 
this set is ^-invariant. It follows that {1,2} C Fixu (the cyclic decomposition of 
u cannot contain a transposition). Hence suppw C {3,4,5,6,7,8}. Further, 03,5 = 
(3,4)(5,6). The set {7,8} is the fixed points set of the permutation (3,4)(5,6) acting 
on {3, 4, 5, 6, 7, 8}; therefore, it must be w-invariant; as above, this shows that {7, 8} C 
FixM and suppw C {3, 4, 5, 6}. Therefore, u must be a 3-cycle supported in {3, 4, 5, 6}; 
however such a permutation cannot commute with (3, 4) (5, 6) and a contradiction 
ensues. □ 
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Recall that we denote by /i^ the restriction of the canonical projection 

to the commutator subgroup B'f,; similarly, u'q denotes the restriction to B'q of Artin's 
homomorphism i>q. If ip = n'f., then 

.2= (1,3,2), ^=(1,2,3), u^=(l,3)(2,4), 

Q = (l,2)(i + 2,z + 3), l<i<k-3. ^ ' 

Moreover, if = 6 and ip = u'^, then 

M = (l,3,6)(2,5,4), ?; = (1,6,3)(2,4,5), ^ = (2, 3)(5, 6), 

ci = (l,4)(2,3), C2 = (3,6)(4,5), C3 = (l,3)(2,4). ' 

Remark 8.4. Let k > A. In view of Lemma 18.31 in order to classify non-trivial 
homomorphisms ip\ B'j^ ^ S(/c) up to conjugation, it suffices to study the following 
two cases: 

i) The homomorphism ip is tame, with the tame if-orbit Q = {3,4, k}. The 
reduction 0q: Bk-2 S{k — 2) coincides with the "shifted" canonical epi- 
morphism 

Jlk-2- Bk-2 ^ S{Q), Jlk-2{si) = {i + 2,i + 3), 1 < i < k - 3. 

Q' = {1,2} and the complementary reduction ^q/ : i?fc_2 ~^ ^{Q') — S(2) is 
of the form (f)Qi{si) = (1,2), 1 < i < k — 3. The homomorphism is the 
disjoint product 0q x 0q/ and 

Q = 0(si) = (l,2)(i + 2,i + 3) for all i = l,...,A;-3. (8.12) 

ii) k = Q and the homomorphism ip is non-tame, with the only if-orbit Q = Ag. 
The homomorphism (p: —>■ S{6) coincides with the homomorphism u'q and 

(/.(si) = ci = (l,4)(2,3), 0(s2) = C2 = (3,6)(4,5), 

0(.3) = C3 = (1,3)(2,4). ^ • ^ 

Let us say that ip is reduced if it is either of type (z) or of type (ii). 

Lemma 8.5. Let ip be a reduced homomorphism of type (i). 

a) Ifk> 6, then u{{l, 2, 3}) = {1, 2, 3} and m({4, 5, 6}) = {4, 5, 6}. 

b) If k > 7, then 4, 5, k G Fixu and u is a 3-cycle supported on {1, 2, 3}. 

Proof. By Lemma l8.2f c) and relation (|8.12p . u commutes with each of the per- 
mutations 

Ci,i+i = CiC^^i = {i + 2,i + 3,i + 4), 2<i<k-A. 
Hence each of the sets {4, 5, 6}, {5, 6, 7},...,{fc — 2, — 1, A;} is w-invariant. The union, 
the intersection, and the difference of two u- invariant sets are u- invariant. This implies 
(a). Moreover, if A; > 7, we have 

j + 2, j + 5 G FixM and u{{i + 3, j + 4}) = {j + 3, j + 4} whenever 2 < j < A; — 5; 

by Lemma IH^ (rf), all the cycles in the cyclic decomposition of u are of length 3; hence, 
j + 3,j + 4GFixM and suppw = {1, 2, 3}. □ 
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Theorem 8.6. Let k > 4 and let ip: B'^^ ^ be a non-trivial honioniorphisni. 

Then either ?/; ~ /x'^ or /c = 6 and ip ^ u'q. In any case Imip = A{k) and Ker ip = = 

Proof. By Remark |8.41 we may assume that ip is reduced. Let us start with case 
(i). By Lemma IH^ g). [cf^w] = [w] = [ci] = [2,2]; hence w and ci cannot be disjoint. 

Claim 1. suppw = {1,2,3,4} and either w = (1,3)(2,4) oi w = (1,4)(2,3). 

Let m = 7^({1,2,3,4} n suppw). We aheady know that m > 1. The values m = 1 
and m = 3 cannot occur by trivial reasons (m = 1 implies [c^^"^] — [3,2,2]; and if 
m = 3, then either [c^^^'^w] = [5] or [c^^w] = [3]). Assume that m = 2, that is, supp w = 
{a,b,p,q}, where a, 6 G {1,2,3,4} and p,q > 5. Then k > Q. By dHU) and (|HII2I), 
w = u(l, 2)(3, 4)u~^; hence m({1,2,3,4}) = suppt? = {a,b,p,q}. In view of Lemma 
E31(a), this shows that {1,2,3} = u({l,2,3}) C n({l,2,3,4}) = {a,b,p,q}, which 
contradicts the condition p,q > 5. Thus, w is a product of two disjoint transpositions 
supported on {1,2,3,4}, and the condition [(1,2)(3,4) ■ w] = \c^^w] = [2,2] implies 
the desired result. 

li w = (1,4)(2,3), we conjugate the homomorphism ip by the transposition (1,2) 
and obtain a homomorphism that sends any q into q and sends w into (1,3)(2,4); 
therefore, without loss of generality we may assume that the original homomorphism 
ip itself satisfies the condition 

w = ^{w) = {1,3){2, A). (8.14) 
Then relation ()8.1|) takes the form 

S(l,2)(3,4)ri = (l,3)(2,4); (8.15) 

in particular, 

7l({l,2,3,4}) = {1,2,3,4}. (8.16) 

Taking into account ()8.10|) . ()8.12|) . and ()8.14|) . we conclude the proof of the theorem 
in case (i) by proving the following claim: 

Claim 2. a) Any i > 4 is a fixed point of u, and thus m is a 3-cycle supported on 
{1, 2, 3}. 6) M = (1, 3, 2) and v = (1, 2, 3). 

In view of Lemma l8.5f &). we need to prove (a) only for k = 5,6. For k = 6, 
Lemma ISTST a) shows that u({4,5,6}) = {4,5,6}; by (j8.16|) . we have m(4) = 4 and 
u{{5,6}) = {5,6}. In fact, {5,6} C Fixu (since u cannot contain a transposition); 
this proves (a) for k = 6. If = 5, (j8.16p shows that u{5) = 5. Relation (j8.5|) (with 
i = 2) and Lemma IH^ rf) imply (uc2){5) = (c2M~^)(5). Since m(5) = 5 and (by ()8.12|) 
^2(5) = 4, this means that m(4) = 4, which concludes the proof of (a). To prove (6), 
we note that u = (1, 3, 2) is the only 3-cycle supported on {1, 2, 3} that satisfies ()8.15p . 

Case (ii) may be treated by straightforward computations; however they are too 
long, and we prefer to use a simple trick. Namely, instead of the original homomor- 
phism ip of type {ii), we consider its composition ip = k o ip with the outer auto- 
morphism X of the group S(6). (see (j4.3p ). It is completely clear that '0 is a tame 
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homomorphism of type (z); it follows from what has been proven above that ~ /Xg. 
The automorphism x is involutive and u'g = >c o /^g; therefore, ^ Uq. □ 

Corollary 8.7. For k > A each homomorphism ip : B^. —>■ S{k) extends to B^. For a 
non-trivial ip an extension \E': B^. ^ S{k) is unique. 

Proof. The existence of an extension follows immediately from Theorem 18.61 
The uniqueness follows from the facts that = A(fc), i^g^Bq) = A(6) and for 

any k > 3 the centralizer of A{k) in S{k) is trivial. □ 

Remark 8.8. In view of Artin Theorem, Corollarv 18.71 implies Theorem 18.61 How- 
ever, I have no idea how to extend non-trivial homomorphisms B^. — > S(A;) to 
homomorphisms \E': 5^ S(A;) without Theorem 18.61 

Theorem 8.9. Let k > 4. Then the pure commutator subgroup Jk = PB^ fl i?^ 

is a completely characteristic subgroup of the group B^, that is, 4>{Jk) C for any 
endomorphism (p'- B'f, — ^ B'f,. Moreover, (j)~^{Jk) = Jk arid Ker (p G Jk for every 
non-trivial endomorphism (p. 

Proof. The case of trivial cp is trivial. Given a non-trivial 0, consider the com- 
position 

,p = ^^'^ocP:B',^B'^^S{k). 
This homomorphism ip must be non-trivial, since otherwise Im C Ker /i'^ C PBk and 
Markov Theorem implies that cp is trivial. By Theorem 18. 6[ either -0 ~ /i^ or /c = 6 

and ip ^ Uq] in any of these cases, Ker-^ = PBk (1 B'f, = Jk and we have 

Jk = Keitp = Ker (yu'^ ° (p) = "^(Keryu'^) = (p~^{Jk). 

Certainly, this shows also that (p{Jk) ^ Jk and Ker0 C Jk- D 

Remark 8.10. For a non-trivial endomorphism (p the inclusion Ker (p G Jk must 
be strict, since B^Jk = A(fc) and 5^ is torsion free. It seems that for A; > 4 no 
examples of non-trivial endomorphisms -B^ — > -B^ with non-trivial kernels are known. 
I conjectured that for A; > 4 a proper quotient group of the commutator subgroup 
B'f^ cannot be torsion free (this would imply that any non-trivial endomorphism of 5^ 
must be injective). I was told that D. Goldsmith's braid group (which is a proper 
non-abelian quotient group of Bk) is torsion free. For sure, this is true if = 3, but I 
newer saw any proof for k > A. If so, this would disprove my conjecture. 

E. Artin Art47b proved that the pure braid group PBk is a characteristic sub- 
group of the braid group Bk, that is, (p{PBk) = PBk for any automorphism cp of the 
whole braid group Bk (see also Theorem 13.15p . Formally, for > 4 Theorem 18.91 is 
essentially stronger than this Artin theorem (and also essentially stronger than Theo- 
rem which, in turn, is an improvement of Artin's result). However I do not know 
any non-trivial endomorphism of i?^ (fc > 4) that is not an automorphism. Seemingly, 
nobody knows whether there is an automorphism of -B^ that cannot be extended to an 
automorphism of the whole braid group Bk- In view of these remarks, it may actually 
happen that Theorem 18.91 does not say more than Artin's result says. Nevertheless, 
Theorem 18.91 works in some situations when Artin Theorem and Theorem 13.151 (in 
their present forms) are useless. 
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9. Special homomorphisms Bk Bn 

Let ai,...,ak be the canonical generators in Bk, a = ai ■ ■ ■ ak, P = ao\ = 

(Ti ■ ■ -akCTi. 

Recall the notions and notation introduced in Definitions 11.51 and II. 141 Given a 
special system of generators {a, b} in the braid group Bm, we denote by 7im(a, b) C Bm 
consisting of all the elements g~^a'^g and g~^b'^g, where g runs over Bm and q runs over 
Z. Furthermore, a homomorphism ip: B^ ^ B^ is said to be special if there exists a 
special system of generators {a, &} in i?„ such that {p(Hk{a, P)) C 7i„(a,6)). 

According Murasugi Theorem mentioned in Sec. 11.91 the latter property is equiv- 
alent to the following condition: 

• for every element h & B^ of finite order modulo the center CB^ of B^, its 
image ip{h) lias the same property in the group Bn, that is, (p{h) is an element 
of Gnite order modulo the center CBn of the group Bn- 

It was stated in |Lin71j (see also |Lin79j and |Lin03|, lLin04aj . Sec. 9, for the proof) 
that 

• for every holomorphic mapping /: Gk G„, every point z° G G^, and any 
choice of isomorphisms Bk = 7ri(Gfc, z°) and 7ri(G„, f{z°)) = Bn the induced 
homomorphism 

U:Bk = 7ri(Gfe, ^ 7ri(G„, f{z°)) ^ Bn 

is special. 

This property motivates the study of special braid homomorphisms. 

According to Definition-Notation II. 15[ P{k) denotes the union of the four increasing 
infinite arithmetic progressions 

P\k) = {p){k)=f,{k) + U-l)d{k)\ jGN} , l<z<4, 

with the same difference d{k) = k{k — 1) and starting with the initial terms 

pl{k) = k, pl{k) = k{k-l), pl{k) = k{k-l) + l, and pl{k) = {k - If 

respectively 

Let (p: Bk —>■ Bn be a special homomorphism. Then there exist a special system of 
generators {a, b} in an element g G Bn, and integers p, q such that at least one of 
the following four conditions is fulfilled: 

1) ^p(a) = aP and = gb^g'^; 2) ^(a) = and = ga'^g'^; 

3) ^{a) = V and ^{(5) = gWg~^; 4) ^(a) = V and ^{p) = ga''g~\ 

We denote by Si{k, n) the set of all special homomorphisms ip: Bk ^ Bn that satisfy 
condition (i) (1 < i < 4). 

Theorem 9.1. Assume that for some k ^ 4 and some n there exists a non-integral 
special homomorphism ip: Bk ^ Bn- Then n G P{k)- More precisely, there exist 
integers I, t and an element g & Bn such that 
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a) if^eSi{k,n),thenl>0, n = k + lk{k - 1) e P^{k), {t, k{k - 1)) = 1, and 

ip{a) = oF, ip{P) = gb'^g'\ where p = t{l{k - 1) + 1), q = t{lk + 1). 

b) If if G S2{k,n), then I > 1, n = lk{k — 1) G P'^{k), g commutes with a^^^^~^\ and 

'^{a) = aP , ^{P) = gO''^g~^^ where where p = t{k — 1), q = tk. 

c) if (f e S3{k,n), then I > I, n = lk{k — 1) + 1 G P^{k), g commutes with JjMk-^)^ 
and 

f{a) = b^, = ga'^g~^, where p = t{k — 1), q = tk] 

d) ifipeSi{k,n),thenl>l, n = (k - l){lk - 1) E P\k), (t, k{k - 1)) = 1, and 

ip{a) = F, ifip) = ga''g-\ where p = t{l{k - 1) - 1), q = t{lk - 1). 

In particular, if k A and n ^ P{k), then any special homomorphism Bk —>■ Bn is 
integral. 

Proof. There exist a homomorphism 6: B^ —>■ Z such that 6{a) = n — 1 and 
5{b) = n (since Bn/B'^ = Z and a" = Moreover, since = we have 

kS{^{a)) = {k-l)6{m)- (9.1) 

The element a"^ = h^'^ is central in Bn- Hence if G Si{k,n) U S2{k,n), then the 
element v^(a") = a^^ commutes with (p{f3)] since 7^ 4, Lemma f2.2ir a) implies that k 
divides n. If (yj G Si{k,n) U S3{k,n), then Lp{P"'~^) = gb'^^"'~^^ g'^ = b'^^"'~^^ commutes 
with V5(a), and Lemma [2.211^ 6) shows that k — 1 divides n — 1. Completely similar, if 
if G S2{k,n) U S4^{k,n), then (p{l3"') = ga'^^g~^ = a^" commutes with (p{a) and k — 1 
divides n, and G S3{k,n) U Si{k,n) implies that (^{a"~^) = commutes with 

(p{P) and k divides n — 1. 

Assume that ip G Si{k,n), that is, (p{a) = a^, (p{P) = g¥g^^. It follows from 
the above consideration that k divides n and k — 1 divides n — 1. Hence there exists 
an integer / > such that n = k + lk{k — 1). Relation ()9.1|) shows that k{n — l)p = 
(fc — l)ng; therefore, {lk + l)p = (/(A; — l) + l)g. Since the numbers + Z(A; — 1) + 1 are 
co-prime, there exists an integer t such that p = t{l{k — 1) + 1) and q = t{lk + 1). Let 
us show that {t, k{k — 1)) = 1. Indeed, if m = (t, k) > 1, then the ratios t' = t/m and 
k' = k/m are integral and 1 < k' < k, pk' = tk'{l{k - 1) + 1) = mt'k'{l{k - 1) + 1) = 
t'k{l{k — 1) + 1) = t'n. Hence the element ^9(0;'^ ) = a^'' = a* " commutes with ip{(3)] 
by Lemma f2.21f a). k must be a divisor of k', which is impossible. Similarly, one can 
check that the inequality {t,k — 1) > 1 leads to a contradiction; this completes the 
proof in the case when (p G Si{k,n). 

Assume now that ip G S2{k,n), that is, ip{a) = a^, V^(/?) = gcflg^^- Then k and 
k — 1 divide n; hence n = lk{k — 1) for some integer / > 1. Relation (j9.ip shows that 
kp = {k — l)q; consequently, there is an integer t such that p = t{k — 1) and q = tk. 
Taking into account the relations kp = {k — l)q = tk{k — 1) and a'^ = 13^^^, we obtain 
^tk{k-i) _ g^tk{k-i)q-i.^ thus, g commutes with a*'^'^^^^-'. This concludes the proof in 
the case when ip G S2{k,n). 

We skip the proofs for the cases ip G S3{k,n) and (p G S4{k,n), which are very 
similar to the cases considered above. □ 
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Remark 9.2. B3 possesses non-integral special homomorpliisms B3 Bn for every 
n that is not forbidden by Theorem 19. 11 Moreover, the conditions (p{a) = b, ^{(3) = 
define the special non-integral (actually, surjective) homomorphism (f: B4 B^; 
therefore, if there exists a non-integral special homomorphism B^ Bn, then there is 
a non-integral special homomorphism B4 B^- For k > 4 and n G P^{k) U P'^{k) I 
do not know any example of a non-integral special homomorphism Bk — > B^, however, 
for any k and any n G P^{k) U P'^{k) such homomorphisms do exist (see examples 
below) . O 

Examples 9.3. Let k and m be natural numbers. There is a natural way to construct 
some interesting embeddings Bk ^ Bmk- Let ui, ...,17^-1 be the canonical generators 
in Bk and let -Bfc — ^ Z be the canonical integral projection (see Sec. II. 8|) . Any 
geometric m-braid (that is, a braid on m strings) may be considered as a "thin rope" ; 
take some m-braid v and consider the mfc-braids (Jiov obtained by replacing of every 
string in ai by the thin rope v. The correspondence ai ^ aiov & Bmk, i = I, ...,k — l, 
defines a homomorphism Bk — > B^k- For any fc-braid g its image in Bmk is the 
m/c-braid g o v^^^^ obtained by replacing of every string in g by the thin rope ti'^^s) ^ 

This construction may be modified as follows. Let ai*v be the mfc-braid obtained from 
(Ji by replacing of the i'th string by the thin rope v and all the rest strings by the thin 
ropes corresponding to the trivial m-braid. The correspondence cTj i— cXj * f G Bmk, 
i = 1, k — 1, defines a homomorphism ip^: Bk ^ Bmk- 

More formally, the homomorphism 0^, may be described as follows. Take the canonical 
generators Si, Smk-i of B^k and define the elements according to ()1.3|) . that is, 

an = 1 for all i, and a^j = SjSj+i ■ ■ ■ Sj_i for 1 < i < j < mk. (9.2) 

Put 

= Clim,{i+l)mO'im-l,(i+l)m-l ' ' ' '2(i-l)m+l,jm+l ; 1 < « < — 1 . (9-3) 

Let V = v{xi, ...,Xm-i) be any word in variables Xi, x^-i, a^m^i- Define the 

elements Vi G Bmk by 

Vi = v (s(i_i)m+i, S(i_i)m+2, , 1 <i <k. (9.4) 

The elements Ui, Vj satisfy the following relations: 

UiUj = UjUi if i,j = 1, k — 1, |i — j| > 1; ViVj = VjVi for i,j = 1, k; 
UiVj = VjUi if j < i or j > i + 1; UiVi^i = ViUi for 1 < z < /c — 1; 

UiVi = fj+iMj and UiUi^iUi = Mj+iMjMj+i for 1 < i < k — 1; 

^j^j+l ■ ■ ■ (^im,{j+l)m(^im—l,(j+l)m—l ' ' ' '^(i— l)m+l j'm+1 • 

(9.5) 

These relations imply that the correspondence ai ^-^ a-i * v = ViUi, 1 < i < k — 1, 
defines a homomorphism (p^: Bk ^ Bmk ■ 

If k > 2 and v 1, then the homomorphism 0^ is non-abelian. It turns out that for 
suitable m and v G Bm the homomorphism 0„ is special. 
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